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Resumen

El objetivo de esta tesis es proponer y analizar varios esquemas de elementos
finitos para un problema de interacciéon fluido-membrana no isotérmico que surge
en los procesos de destilaciéon por membrana. El problema consiste en un sistema
de Navier—Stokes/calor, cominmente conocido como el sistema de Boussinesq, en
la region de fluido libre, y un sistema acoplado Darcy-calor en la membrana. Es-
tos sistemas estan acoplados a través de términos de flotabilidad y un conjunto de
condiciones de transmision en la interfaz fluido-membrana, incluyendo la conser-
vacion de masa, balance de fuerzas normales, la ley de Beavers—Joseph—Saffman y
la continuidad del flujo de calor y la temperatura del fluido.

En primer lugar, proponemos y analizamos un método de elementos finitos
conforme para el problema de interaccién fluido-membrana no isotérmico. Con-
sideramos la formulaciéon variacional estandar de velocidad-presion-temperatura
para el sistema de Boussinesq, junto con un esquema dual-mixto acoplado con
una formulaciéon primal para las ecuaciones de Darcy y calor en la region de la
membrana. Este enfoque introduce la traza de la presion del medio poroso como
un multiplicador de Lagrange adecuado. Probamos la existencia de una soluciéon
continua mediante una estrategia de punto fijo y bajo una suposiciéon de datos su-
ficientemente pequenos, mientras que para la prueba de unicidad se requiere una
suposicion restrictiva adicional sobre la solucion de la temperatura en la membrana.
Para el esquema de Galerkin asociado, empleamos elementos de Bernardi-Raugel
y Raviart-Thomas para las velocidades, elementos constantes a trozos para las
presiones y funciones lineales continuas a trozos para las temperaturas y el multi-
plicador de Lagrange en una particion de la interfaz. Probamos que el problema
esta bien puesto tanto para los esquemas continuo como discreto y establecemos las
correspondiente estimacion de error. Se presentan ejemplos numéricos para con-
firmar las tasas de convergencia predichas y demostrar el rendimiento del método.

En segundo lugar, desarrollamos un anélisis de error a posteriori para el pro-
blema de interacciéon fluido-membrana no isotérmico conforme. Para derivar el
estimador de error a posteriori, utilizamos argumentos estandar basados en técni-
cas de dualidad, descomposiciones de Helmholtz y propiedades de aproximacion
local de los operadores de interpolacion de Raviart—Thomas y Clément. Ademés,



se emplean desigualdades inversas, técnicas de localizacion usuales de funciones
burbuja y resultados conocidos de trabajos previos para probar la eficiencia local
del estimador de error a posteriori propuesto. Proponemos un algoritmo adapta-
tivo basado en un estimador de error a posteriori confiable y eficiente.

Por dltimo proponemos y analizamos un método de elementos finitos que con-
serva masa para el mismo problema de interacciéon fluido-membrana no isotérmico.
Consideramos un esquema variacional de velocidad-presion-temperatura para el
sistema de Boussinesq en la region de fluido libre, mientras que en la region de
la membrana utilizamos una formulaciéon dual-mixta para el sistema de Darcy
acoplado con una ecuaciéon primal para el modelo de temperatura. Esta formu-
lacion resulta en incognitas dadas por la velocidad, la presion y la temperatura en
ambos dominios. Para el esquema de Galerkin asociado, combinamos un esquema
H(div)—conforme para las variables del fluido y una discretizacion conforme de
Galerkin para la ecuacion de calor. El esquema numérico resultante produce ve-
locidades de divergencia libre y preserva la ley de conservacion de la masa a nivel
discreto. El anélisis de los problemas continuos y discretos se lleva a cabo uti-
lizando una estrategia de punto fijo bajo una suposiciéon de datos suficientemente
pequenos. Obtenemos estimaciones de error 6ptimos bajo una suposicion adicional
sobre los datos y presentamos resultados numéricos que ilustran el rendimiento del
método.

Palabras Claves: Fluido-membrana no isotérmico, sistema acoplado Navier—
Stokes/Darcy/calor, método de elementos finitos mixto, conservador de masa,
métodos de Galerkin discontinuo, anélisis de error a priori, estimador de error
a posteriori.



Abstract

The aim of this thesis is to propose and analyze several finite element schemes
for a nonisothermal fluid-membrane interaction problem that arises in membrane
distillation processes. The problem consists of a Navier—Stokes/heat system, com-
monly known as the Boussinesq system, in the free-fluid region, and a Darcy-heat
coupled system in the membrane. These systems are coupled through buoyancy
terms and a set of transmission conditions on the fluid-membrane interface, in-
cluding mass conservation, balance of normal forces, the Beavers—Joseph—Saffman
law, and continuity of heat flux and fluid temperature.

Firstly, we propose and analyze a conforming finite element method for the
nonisothermal fluid-membrane interaction problem. We consider the standard
velocity-pressure-temperature variational formulation for the Boussinesq system,
along with a dual-mixed scheme coupled with a primal formulation for the Darcy
and heat equations in the membrane region. This approach introduces the trace
of the porous medium pressure as a suitable Lagrange multiplier. We prove the
existence of a continuous solution by means of a fixed-point strategy and under
a smallness assumption on data, while for the uniqueness proof, an additional
restrictive assumption on the membrane temperature solution is required. For
the associated Galerkin scheme, we employ Bernardi-Raugel and Raviart-Thomas
elements for velocities, piecewise constant elements for pressures, and continuous
piecewise linear functions for the temperatures and the Lagrange multiplier on a
partition of the interface. We prove well-posedness for both the continuous and
discrete schemes and derive corresponding error estimates. Numerical examples
are presented to confirm the predicted convergence rates and demonstrate the
performance of the method.

Secondly, we develop an a posteriori error analysis for the conforming non-
isothermal fluid-membrane interaction problem. To derive the a posteriori error es-
timator, we utilize standard arguments relying on duality techniques, Helmholtz’s
decompositions, and local approximation properties of the Raviart—Thomas and
Clément interpolation operators. Additionally, inverse inequalities, localization
techniques of bubble functions, and known results from previous works are em-
ployed to prove the local efficiency of the proposed a posteriori error estimator.
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We propose an adaptive algorithm based on a reliable and efficient a posteriori
error estimator.

Finally, we propose and analyze a mass-conservative finite element method
for the same nonisothermal fluid-membrane interaction problem. We consider a
velocity-pressure-temperature variational scheme for the Boussinesq system in the
free-fluid region, while in the membrane region, we use a dual-mixed formula-
tion for the Darcy system coupled with a primal equation for the temperature
model. This formulation results in unknowns given by the velocity, pressure, and
temperature in both domains. For the associated Galerkin scheme, we combine
an H(div)-conforming scheme for the fluid variables and a conforming Galerkin
discretization for the heat equation. The resulting numerical scheme produces ex-
actly divergence-free velocities and preserves the law of conservation of mass at a
discrete level. The analysis of the continuous and discrete problems is carried out
using a fixed-point strategy under a sufficiently small data assumption. We derive
optimal error estimates under an additional assumption over the data and present
numerical results illustrating the performance of the method.

Key Words: nonisothermal fluid-membrane, Navier—Stokes/Darcy/heat coupled
system, mixed finite element method, mass-conservative, Discontinous Galerkin
methods, a priori error analysis, a posteriori error estimator.
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Chapter 1

Introduction

1.1 Motivation

Access to fresh and potable water is a critical global challenge, particularly in
arid and water-scarce regions, which is why many countries in the Middle East,
Southeast Asia and North Africa are now classified as water-scarce regions (see
[78]). However, this problem has spread to different regions where this phenomenon
of shortages had not been a big problem until a couple of years ago. Particularly
in Chile, the situation is critical since it will be among the 30 most water-stressed
countries in 2040 according by the World Resources Institute (see [77]). Conse-
quently, it is imperative to investigate innovative methodologies to ensure water
resources for human consumption, agricultural irrigation, mining industry, among
others.

Throughout human history, various civilizations have devised numerous meth-
ods and developed innovative techniques to harness the natural resources available
in their environment to supply the necessary amounts of water for human settle-
ments. Notable examples include rainwater harvesting, artificial aquifer recharge,
the construction of aqueducts, reservoirs, and dams, as well as the transfer of water
between basins.

However, there are two sustainable and reliable methods that allow us to in-
crease the water supply beyond what is available in the natural hydrological cycle:
water reuse and desalination. The first process involves the treatment of wastew-
ater to remove contaminants until it meets the relevant standards and criteria of
suitability for human consumption, while the second is a process related to the
removal of mineral components from saline water.

In particular, desalination has emerged as a promising solution to address the
increasing demand for freshwater resources. This technology can be categorized
into two main processes: thermal and membrane processes. Thermal desalination
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14 Motivation

separates salt from water through evaporation and condensation, whereas mem-
brane desalination uses a membrane through which water diffuses while salts are
retained on the feed side of the membrane (see [82]).

On a large scale, the initial installation of desalination plants commenced in
the Middle East during the 1950’s ([66]). Today, according to the International
Energy Agency (IEA), approximately 58% of the world’s total desalination capac-
ity is located in the combined regions of the Middle East and North Africa (see
Figure , while globally, around 90 million m?® of water are desalinated every
day. Thermal desalination plants dominate the desalination industry in the Mid-
dle East and constitute around 70% of the total desalination operations in the
Gulf region. However, thermal desalination is more expensive from an energy and
plant maintenance point of view compared to membrane processes such as reverse
osmosis (RO). Therefore, reverse osmosis desalination installations have been grad-
ually increasing, comprising around 80% of the total current desalination plants
worldwide.

0.8% 3_5% 0.3%

49.1%
B South America ® Carribean m Australia Middle East
m Europe m Asia m Africa m North America

Figure 1.1: Worldwide desalination capacity by region (see [I]).

Although reverse osmosis (RO) is the most widely adopted technique in the
industry today, the associated high greenhouse gas emissions, the generation of
large quantities of brine containing chemicals, and the significant consumption of
electricity used, drives the development of alternative techniques such as: Forward
Osmosis (FO), Membrane Distillation (MD), Membrane Capacitive Deionisation
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(MCDI). These emerging technologies offer significant advantages over reverse os-
mosis, such as higher salt rejection content (MCDI, MD), higher water recovery
(MD), fewer pretreatment steps (MD, FO), and the ability to use low energy qual-
ity (MD, FO). However, standalone technologies still have difficulty competing
with RO until specific conditions are met, so the study of these or other tech-
nologies is important to improve the efficiency in which water is obtained through
desalination processes. Figure , taken from [98], provides a qualitative com-
parison of RO, FO, MD, MCDI and their hybrid counter-parts. There, it can
be seen that while RO has a low water cost, understood as the produced water
is economically viable and cost-competitive with current technologies, it has sig-
nificant energy requirements and generates substantial brine and greenhouse gas
emissions. In contrast, MD reduces energy consumption by facilitating the integra-
tion of renewable energies, resulting in a lower environmental impact and reduced
waste. Furthermore, by combining both processes (RO + MD) and decreasing
both the cost competitiveness of water and the use of renewable energy, higher
water recovery can be achieved.

Low energy ‘ —Reverse osmosis
consumption
1

Forward osmosis

Ease of e 4 ——Membrane distillation
Low water integrating
costs renewable
energy Membrane capacitive deionisation

Reverse osmosis + forward osmosis

A - Reverse osmosis + membrane distillation
High water & Ease of pre-

recovery treatment . n
Reverse osmosis + membrane capacitive

deionisation

Figure 1.2: Qualitative comparison of RO, FO, MD, MCDI and their hybrid coun-
terparts.

Regarding the physical-chemical processes used in the RO and MD methods,
in the first one, the seawater is pressurized and forced through a semi-permeable
membrane, allowing water molecules to pass while blocking the passage of dissolved
salts and contaminants. The applied pressure exceeds the osmotic pressure, driv-
ing the water against its natural flow and resulting in the production of freshwater
on one side of the membrane. On the other hand, in MD processes, a saline solu-
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tion is brought into contact with one side of the membrane, while a low-pressure
vapor phase, typically created by applying a temperature gradient, exists on the
opposing side. The hydrophobic nature of the membrane allows only water vapor
to permeate through, effectively preventing the passage of salts and other impu-
rities. Subsequently, the vapor is condensed on the colder side of the membrane,
resulting in the generation of freshwater.

Membrane distillation (MD) encompasses various configurations, each designed
to optimize specific desalination goals (see [38]). These configurations are described
below, and Figure illustrates each respective design:

e Direct contact membrane distillation (DCMD), where a saline solution and
a cold condensing fluid come into direct contact with opposing sides of the
hydrophobic membrane. The vapor generated on the hot side permeates
through the membrane, and upon condensation, fresh water is collected.

e Air gap membrane distillation (AGMD), by providing a stagnant air space
in the permeate channel between the membrane and one surface of a conden-
sation plate while the other surface of the condensation plate is to be cooled
by cold circulating flow. Volatile molecules evaporate at the feed-membrane
interface, transfer through the membrane and the air gap and condense on
the cooling plate. The condensate then exits the MD module under the
influence of gravity.

e Vacuum membrane distillation (VMD), applies vacuum on the permeate side
of the membrane module, created by a vacuum pump. This causes the
volatile molecules to evaporate from the feed side of the membrane and
transfer through the membrane pores to the permeate channel, where they
condense outside the MD module. This configuration enhances separation
efficiency and is used in desalination and purification applications.

e Sweeping gas membrane distillation (SGMD), an inert gas (usually air) with
a small or negligible concentration of the volatile components is sweeping
through the permeate channel of the MD module. Determined by the con-
centration of volatile molecules, the partial pressure of these components at
the permeate-membrane interface is less than the saturation pressure at the
feed-membrane interface. Therefore, the volatile molecules evaporate at the
feed-membrane interface through the membrane pores, transfer through the
membrane and sweep through the permeate condensing outside of the MD
module.

In particular, DMCD is the most studied configuration of membrane distilla-
tion. Some of the earliest studies dedicated to modeling this configuration were
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Figure 1.3: Configurations of Membrane Destilation models. In first row DCMD
(left) and VMD (right), in second row AGMD (left) and SGMD (right).

Feed inlet Condensate Coolant inlet Feed inlet

the pioneering works of [46] [65] [72], ©5], developed in the 1980’s. These studies
employed integral equations and empirical correlations to describe heat transfer
across the membrane, mass balance in the membrane, and the possible types of
transmembrane flux (viscous flow, Knudsen flow, and molecular diffusion). How-
ever, these studies did not describe the mass fluxes of the feed and permeate, and
the feed and permeate domains were only characterized by heat fluxes and the
temperatures of the bulk phase and boundary layer. Subsequently, in [74], the
authors complemented the existing models and improved the accuracy of the cal-
culations by proposing a model that focused on the feed and permeate domains,
providing heat balance, mass balance, and fluid dynamics for these domains. In
the last decade, due to rapid advancements in technology and significant scientific
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attention on simulation software, new models using computational fluid dynamics
(CFD) analysis have been presented [67, 97, 102} 103], employing partial differen-
tial equations (PDE) to describe the mass, heat, and momentum balances in the
feed and permeate channels. This is the case with DCMD, where the process can
be modeled using a coupled system of PDEs, in which the Navier—Stokes equations
for the free fluid and the Darcy equations for the membrane are combined with
the heat and transport equations.

According to the above, and in order to contribute to a better understanding
of the desalination phenomena from a mathematical perspective, in this Doctoral
Thesis, we study a conforming and non-conforming finite element methods to ap-
proximate the solution of a fluid-membrane model which arise from the equations
present in a DCMD processes (see [87]). More precisely, we focus on analyzing
numerical schemes for a simplified version of the equations modeling DCMD pro-
cesses given by the coupling of the Navier—Stokes, Darcy and heat equations.

1.2 A brief description of the finite element method

Partial differential equations (PDE) arise in the mathematical modeling of
many physical, chemical and biological phenomena and many diverse subject areas
such as fluid dynamics, electromagnetism, material science, astrophysics, economy,
financial modelling, among others. Very frequently the equations under considera-
tion are so complicated that finding their analytical solutions (e.g. by Laplace and
Fourier transform methods, or in the form of a power series) is either impossible or
impracticable, and one has to resort to seeking numerical approximations to the
unknown analytical solution.

Among the various methods available to approximate PDEs, we can mention
Finite Difference Methods (FDM), Finite Volume Methods (FVM), Finite Ele-
ment Methods (FEM), and Spectral Methods (SM), among others. Each of these
methods has its own advantages and disadvantages.

However, our focus is on applying the Finite Element Method (FEM), intro-
duced by Courant in 1943 in his work "Variational methods for the solution of
problems of equilibrium and vibrations” and used to solve problems of solid and
structural analysis (see [39]). To approximate the solutions of Partial Differential
Equations using FEM, the following generic procedure is typically involved:

e First, a variational (weak) formulation of the problem must be considered.
This allows the search for generalized solutions in Hilbert or Banach func-
tional spaces.

e Then, projecting the solution into a finite-dimensional space allows calculat-
ing discrete approximations (the so-called Galerkin scheme) to the variational
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problem.

e Finally, the approximation error of the method is determined by calculating
the difference between the solution of the weak problem and the Galerkin
problem.

Regarding Galerkin’s method, it is flexible as it allows the use of different
approaches to approximate the generalized solutions of a variational formulation.
For instance, one can utilize Conforming Galerkin Methods (CG), Discontinuous
Galerkin Methods (DG), Hybridizable Discontinuous Galerkin Methods (HDG),
among others.

In particular, the Discontinuous Galerkin method was introduced by Reed and
Hill in 1973 for a hyperbolic problem, in their work "Triangular mesh methods
for the neutron transport equation” (see [92]), while the first analysis for a steady
first-order PDEs was performed by Lesaint and Raviart in 1974 in the work "On
a finite element method for solving the neutron transport equation” (see [75]).

Among the advantages of the DG method is its ability to construct finite-
dimensional functional spaces without requiring continuity, making it well-suited
for adaptability and parallel computing. However, this flexibility, which allows for
discontinuities in finite element spaces, leads to a significant increase in computa-
tional expense compared to the Conforming Galerkin method.

To reduce the computational cost associated with DG methods, Cockburn et.
al. (see [32]) introduced the Hybridizable Discontinuous Galerkin methods. The
main idea of the HDG method is to introduce both a finite element space and
an additional unknown at the interfaces between the mesh elements. In this way,
this new trace unknown approximates the solution on the element boundaries
and the numerical flux couples them indirectly through their communication with
the approximate trace on the shared interface. Then, the weak continuity (in an
integral sense) of the normal component of the numerical flux is enforced across
the interfaces of mesh elements (transmission condition), and it allows for the
elimination of the DOFs on the interior of each element using static condensation
resulting in a global system of equations for only the single-valued trace unknown,
and after that, the main unknown can be obtained independently inside each
element.

Figure [1.4] illustrates that the continuity requirement of basis functions in the
CG method enables shared degrees of freedom (DOFs) between neighboring ele-
ments. In contrast, DG methods do not share any DOFs between elements, leading
to a duplication of DOFs and, consequently, an increase in the size of the global
linear system. On the other hand, in HDG methods, instead of coupling the local
solutions in neighboring mesh elements directly, the numerical flux couples them
indirectly through its communication with the approximate trace at the shared
interface.
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Figure 1.4: The coupling of DOFs on neighboring elements for the CG method
(left), the DG method (center), and the HDG method (right).

1.3 Objectives and contributions

As previously mentioned in Section [I.1] the objective of this work is to develop
conforming and non-conforming discretizations for a Navier—Stokes/Darcy/heat
coupled system which describes several phenomena, in geophysics, oil extraction
engineering and DCMD process for seawater desalinization, among others. More
precisely, in this thesis we study numerical discretization for the mathematical
model present later on in Chapter [2|

At this point, it is important to note that fluid-membrane interaction problems
have been extensively studied in several works. Just to mention a few works in
this direction, we can mention [5, 27, 28, 29] 45, 60, 61, [63] and their respective
references, where several numerical methods are developed to approximate the so-
lution of the Navier-Stokes/Darcy system, including conformal and non-conformal
schemes. On the other hand, when it comes to numerical methods for coupling
fluid flow to the heat equation, where the problem is the Navier—Stokes/heat cou-
pling, commonly known as the Boussinesq problem, we can mention among others
[9, 13| 25] 35], 37, 148, [49], 83|, 84], 85] and their respective references.

In particular, in [63], the authors introduce and analyze a discontinuous Galerkin
(DG) discretization for the nonlinear coupled problem, employing the nonsymmet-
ric interior penalty Galerkin (NIPG), symmetric interior penalty Galerkin (SIPG),
and incomplete interior penalty Galerkin (IIPG) bilinear forms for the discretiza-
tion of the Laplacian in both media, and the upwind Lesaint—Raviart discretiza-
tion of the convective term in the free fluid domain. On the other hand, in [5], the
authors propose an iterative subdomain method that uses the velocity-pressure
formulation for the Navier—Stokes equation and the primal formulation for the
Darcy equation. Finally, in [45], the authors extend the work in [56] to the Navier—
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Stokes/Darcy model and introduce a conforming numerical scheme to approximate
the solution of the problem. The variational formulation is based on the standard
velocity-pressure formulation for the Navier—Stokes equation and the dual-mixed
formulation for the Darcy equation, resulting in the velocity and pressure of the
fluid in both media as the main unknowns of the coupled system. Since one of the
interface conditions becomes essential, they proceed similarly to [56] and incorpo-
rate the trace of the porous medium pressure as an additional unknown.

Despite the above, the number of contributions for the Darcy-heat coupled sys-
tem is relatively limited. In fact, the first contribution on the analysis of a finite
element method for Darcy’s problem coupled with the heat equation is presented
in [7] (see also [§]). There, the authors introduce two finite element discretizations
for the coupled system with temperature-dependent viscosity. One of the difficul-
ties in the analysis of [7] is the fact that the velocity lives in H(div), which forces
the trial and test spaces for the temperature to be different, preventing the uti-
lization of classical results for elliptic problems to obtain the well-posedness of the
continuous formulation. More recently, in [57] it is introduced a new fully-mixed
finite element method for the model studied in [7]. There, the authors employ a
Banach spaces-based analysis to prove well-posedness of the continuous problem
and its corresponding finite element discretization.

However, to the best of our knowledge, this thesis constitutes the first attempt
in the literature to carry out an analysis for a nonisothermal fluid-membrane phe-
nomena.

The main contributions of this thesis are:
e Proposing a non-isothermal fluid-membrane interaction model.

e Introducing a variational formulation and analyzing the existence and unique-
ness of the solution.

e Establishing a conforming Galerkin scheme, analyzing the solvability of the
scheme, and proving the corresponding stability and convergence results.

e Presenting a mass-conservative variational formulation and analyzing the
existence and uniqueness of the solution.

e Constructing a nonconforming Galerkin scheme, analyzing the solvability of
the scheme, and proving the corresponding stability and convergence results.

e Developing an a posteriori error analysis for the conformal Galerkin scheme.

e Implementing numerical simulations to validate the theoretical results.
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1.4 Thesis outline

The remaining chapters of this thesis are structured as follows:

In Chapter we introduce the model problem for nonisothermal
fluid-membrane interaction. The problem involves two different regions: one
occupied by the fluid and the other by the porous medium. The governing equa-
tions consist of the Navier—Stokes/heat system in the free-fluid region and a Darcy-
heat coupled system in the membrane, along with the appropriate interface and
boundary conditions.

In Chapter [3] we propose and analyze a conforming finite element method
for the nonisothermal fluid-membrane interaction problem introduced in Chapter
2l We consider the standard velocity-pressure-temperature variational formulation
for the Navier—Stokes/heat system in the free-fluid region, along with a dual-mixed
scheme coupled with a primal formulation for the Darcy-heat system in the mem-
brane region. The latter yields the introduction of the trace of the porous medium
pressure as a suitable Lagrange multiplier. For the associated Galerkin scheme,
we employ Bernardi-Raugel and Raviart—Thomas elements for velocities, piecewise
constant elements for pressures, continuous piecewise linear functions for temper-
atures, and continuous piecewise linear functions for the Lagrange multiplier on a
partition of the interface. We prove well-posedness for both the continuous and
discrete schemes and derive corresponding error estimates. The contents of this
chapter gave rise to the following paper:

[20] J. CaMANO, R. OYARZUA, M. SERON, AND M. SOLANO. A conforming
finite element method for a nonisothermal fluid-membrane interaction. Math.
Comp., In press, 2025.

In Chapter [4], we propose a residual-based a posteriori error estimator for the
conforming discretization of a nonisothermal Navier-Stokes/Darcy coupled sys-
tem introduced in Chapter |3] More precisely, we introduce a reliable and efficient
a posteriori error estimator for the aforementioned coupled system. Employing
standard arguments such as global inf-sup conditions, suitable Helmholtz’s de-
compositions and the local approximation properties of the Raviart—Thomas and
Clément interpolation operators, we derive the a posteriori error estimator and
prove its reliability. In turn, inverse inequalities, usual localization techniques of
bubble functions and known results from previous works, are employed to prove the
local efficiency of the proposed error estimator. Finally, we propose an adaptive
algorithm based on the local and computable error indicators of the a posteriori
error estimator.

The contents of this chapter are part of a current work.
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In Chapter [5] we propose and analyze an H(div)-conforming and mass con-
servative finite element method for the nonisothermal fluid-membrane interaction
problem introduced in Chapter 2 We consider a velocity-pressure-temperature
variational scheme for the Navier—Stokes/heat system in the free-fluid region whereas
in the membrane region we consider a dual-mixed formulation for the Darcy sys-
tem coupled with a primal equation for the temperature model. In this way,
the unknowns of the resulting formulation are given by the velocity, pressure and
temperature in both domains. For the associated Galerkin scheme, we combine
an H(div)-conforming scheme for the fluid variables and a conforming Galerkin
discretization for the heat equation. Therefore, the resulting numerical scheme
produces exactly divergence-free velocities and also allows preserve the law of con-
servation of mass at a discrete level. The contents of this chapter gave rise to the
following papers:

[21] J. CAMANO, R. OYARZUA, M. SERON, AND M. SOLANO. A strong mass
conservative finite element method for the Navier—Stokes/Darcy coupled system.
Appl. Math. Lett, 163: 109447, 2025.

and

[19] J. CAMANO, R. OYARZUA, M. SERON, AND M. SOLANO. A mass
conservative finite element method for a nonisothermal Navier—Stokes/Darcy
coupled system. Preprint on webpage at https://www.ci2ma.udec.cl/
publicaciones/prepublicaciones/prepublicacion.php?id=536

1.5 Preliminary notations

In this section, we present some definitions and notations that we will use
throughout the rest of the present Thesis.

Let O CR% d € {2,3}, denote a domain with Lipschitz boundary T'. For s > 0
and p € [1, +o0], we denote by W*?(Q) the usual Sobolev space endowed with the
norm || - [|spo- If s =0, WO(O) corresponds to the usual Lebesgue space LF(0O),

which is endowed with the norm || - |lopo. If p = 2, we write H*(O) in place of
W#2(0), and denote the corresponding Lebesgue and Sobolev norms by || - [lo.0
and || - ||s.0, respectively, and the seminorm by |- |s0. In addition, H{(O) will

denote the space of functions in H'(O) with null trace on ', and L2(O) will be the
space of L?(0) functions with zero mean value over O, that is

L2(0) = {v € 12(0) - /Ov _ 0} |


https://www.ci2ma.udec.cl/publicaciones/prepublicaciones/prepublicacion.php?id=536
https://www.ci2ma.udec.cl/publicaciones/prepublicaciones/prepublicacion.php?id=536
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Given p, q € (1, +00) satisfying 1/p+ 1/g = 1, in what follows, we will denote
by W/@P(T) the trace space of W'?(O) and by W~/%4(T") the dual space of

W2r(T') endowed with the norms || - [|1/4r and || - |-1/4,r, defined respectively
by
16111 /g0 = inf {[Yll1p.0 - ¥ € WHP(O), ¥lr = 6} Vo € WHaP(T),
e .0
[ll-rjgpr = sup T WY e WOV,

ceWl/ap(T)\{0} ||f||1/q7p71“

where (-, -);. denotes the duality parity between W=%4(T") and W/4?(T), which

coincides with the inner product on L?(T") when restricted to L*(T"). When p = 2,

we will write HV2(T') := WY22(T), || - lij22r = || - [lij2r, H-VY3(T) := W-1/22()

and [|-||-1/22,0 = || [|=1/2,r- In addition, we denote by M and M the corresponding

vectorial and tensorial counterparts of the generic scalar functional space M.
Additionally, we recall that

H(div; 0) := {w e L2(0) : divw € L2((9)},

endowed with the norm ||w/|aiv.0 := (|W|[§ o + [Idiv W||(2)7O)1/2 is a standard Hilbert
space in the realm of mixed problems (see, e.g., [18]).

For simplicity, in what follows for any scalar fields v and w, vector fields v =
(vi)iz1,4 and W = (w;);=1,4, and tensor fields A = (a;;); j=1,4 and B = (b;;); j=1.4,
we will denote

(v,w)e :z/uw, (v,W)o ::/v-w, and (A,B)o ::/A:B,
@ o @

d
where A : B := E a;jbij.
ij=1
In turn, when no confusion arises, | - | will denote the Euclidean norm in R?

or R4, Furthermore, given a non-negative integer k and a subset S of R, Py (S)
stands for the space of polynomials defined on S of degree equal or less than k.

Moreover, throughout the rest of this Thesis, we will employ 0 as a generic null
vector (or tensor), and use C' and ¢, with or without subscripts, bars, tildes or hats,
to denote generic positive constants independent of the discretization parameters,
which may take different values at different places.

1.6 Preliminary results

We now recall some results from functional and numerical analysis that will be
used in the analysis developed in the following chapters.
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Theorem 1.6.1. (Holder’s inequality [30, Theorem 2.5-1(a)], [47, Theorem B.6],
or [16, Theorem 4.6]). Let O be an open subset of RY. Given a real number p > 1,
let the real number q be defined by }lo + % =1, and let f € LP(O) and g € LI(O).
Then fg € L}(O) and

[(f,9)ol < Ifllopollglloqo- (1.1)
Remark 1.6.1. (Generalized Hélder’s inequality [10, Chapter 4, Remark 2])
Hélder’s inequality can be extended as follows: Assume that fi, fa, ..., fr are func-
tions such that f; € 1P (O), 1 < i < k with }D = pil + p% —i—---—l—pik < 1. Then the

product f = fife--- fi belongs to LP(O) and

[fllopo < [l fillopoll fallops.0 - [l frllop.0- (1.2)

Theorem 1.6.2. (Poincaré’s inequality [30, Theorem 6.5-2(a)] or [{7, Lemma
B.61]). Let O be an open subset of RY. For each 1 < p < oo, there exists a positive
constant ¢ = ¢(O, p) such that

lollopo < clohipo Vv e Wp"(O). (1.3)

Theorem 1.6.3. (Korn’s inequality [30, Theorem 6.15-1]). Let O be a domain in
Re. There exists a constant ¢ = c(O) such that

Vo < clIvilso + le™se)*  ¥veHY(0), (1.4)
where
e(v) = (e;(v)) with e;(v) = 1(0;v; + Ov;),1 <4,j < d.

Theorem 1.6.4. (Trace inequality [52, Theorem 1.4]). Let O be a bounded domain
of R® with Lipschitz-continuous boundary T', and let o : D(O) — L2(T') be the
mapping defined by

w(p) =¢lr  Vee D).
Then there exists C' > 0 such that

ho(@)llor < cllelio Ve e D(O). (1.5)

Theorem 1.6.5. (Sobolev embedding [30, Theorem 6.6-3] (or [89, Theorem 1.5.4]
or [47, Corollary B.43.]) and [15, Proposition 1.4.2.]). For all ¢ > %l, and for all
1<t <s<oo, there hold

W (0) = CUO)  and WH(0) — WH(0O). (1.6)

Theorem 1.6.6. (Sobolev inequality [{7, Theorem B.40]). For 1 < q < oo when
d=2 and 1 < q <6 when d =3, H(O) is continuously embedded into 14(O). In
addition, there exists a constant ¢ > 0, depending only on |O| and q, such that

lwlogo < clwlio  YweHY(O). (1.7)
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Theorem 1.6.7. (Laz—Milgram Lemma [30, Theorem 6.2-1], [47, Lemma 2.2/, or
[52, Theorem 1.1]). Let' V' be a Hilbert space, let a(-,-) : VXV — R be a continuous
and V -coercive bilinear form, and let f : V — R be a continuous linear functional.
In other words, there exist constants cq, co,c3 > 0 such that for all u,v € V

la(u, ) < allullvllvllv,  la(v,v)] > eallvlly, [ (00| < esllvllv.
Then, the following variational problem: Find uw € V' such that
a(u,v) = f(v) Vo eV,
has one and only one solution.

Theorem 1.6.8. (Babuska—Brezzi’s Theorem [30, Theorem 6.12-1]). Let V and
Q be two Hilbert spaces, and let a(-,-) : V XV = R and b(+,-) : V x Q — R be two

continuous bilinear forms with the following properties:

1. There exists a constant o > 0 such that

a(v,v) > alv|? forall veVy:={veV:bv,q =0 VqeQ},

2. There exists a constant § > 0 such that

|b(v, 9)|

vev vy
v#0

> Bllglle  VgeQ.

Finally, let f -V — R and g : QQ — R be two continuous linear functionals. Then,
the following abstract variational problem: Find (u,p) € V x Q such that

a(u,v) +b(v,p) = (f,0)pyy VveV,
b(u,q) = (9. Dgxo VqeQ,

has one and only one solution.

Theorem 1.6.9. (Brouwer fized-point Theorem [30, Theorem 9.9-2]). Let K be
a compact and convex subset of a finite dimensional Banach space X, and let
f: K — K be a continuous mapping. Then [ has at least one fixed point.

Theorem 1.6.10. (Banach fized-point Theorem [30, Theorem 3.7-1]). Let X be
a complete metric space. Then any contraction f : X — X has one and only one
fixed point x € X.

Theorem 1.6.11. ([30, Theorem 6.5-1] or [16, Proposition 9.1]). Let O be an
open subset of R? and let m > 1 be an integer. The Sobolev space W™P(O) is a
Banach space, separable if 1 < p < oo, and reflexive if 1 < p < co.
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Definition 1.6.1. Let X be a normed space and let X' denote its dual. A sequence
{Zn}nen in X is said to convergence weakly in X if there exists x € X such that

2 (2,) "= 2 (x) for each ' € X'.

Here, x is called a weak limit of the sequence {x,}nen and the weak convergence
1 denoted as

n—00
Ty —

Theorem 1.6.12. ([30, Theorems 5.12-1 and 5.12-2]).

1. In any normed vector space x, — x as n — oo wmplies that x, — x as
n — oo.

2. In a finite-dimensional normed vector space, any weakly convergent sequence
15 also strongly convergent.

3. The limit of a weakly convergent sequence is unique.
4. A weakly convergent sequence is bounded.

5. Let x,, — x asn — oco. Then

|z]| < liminf ||z,].
n—oo

Theorem 1.6.13. ([30, Theorem 5.12-4]). Let X andY be normed vector spaces
over the same field K. Additionally, let A : X — Y be a linear operator and
B: X xY — K be a bilinear operator.

1oz, "=z in X implies  Ax, "I Ax in Y.
2. Let A be a compact operator. x, — x in X implies Az, "= Az inY.
3, " xin X and y, ="yinX implies B(zn,yn) — B(x,y) inK.

Theorem 1.6.14. ([16, Theorem 3.18]) Let X be a reflexive Banach space and let
{Zn}nen be a bounded sequence in X. Then there exists a subsequence {xp, }ren
that converges weakly to x € X.

Theorem 1.6.15. ([16, Proposition 3.20]) Let X be a reflexive Banach space and
let Y C X be a closed linear subspace of X. Then'Y 1is reflexive.
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Chapter 2

The model problem

In this chapter, we introduce a nonisothermal fluid-membrane interaction prob-
lem that arises in membrane desalination processes |88, [101]. The problem consists
of a Navier—Stokes/heat system, commonly known as the Boussinesq system, in
the free-fluid region, and a Darcy-heat coupled system in the membrane. These
systems are coupled through buoyancy terms and a set of transmission conditions
on the fluid-membrane interface, including mass conservation, balance of normal
forces, the Beavers—Joseph—Saffman law, and continuity of heat flux and fluid tem-
perature. Finally, we complete the definition for the coupled problem introducing
suitable boundary conditions.

2.1 The geometry configuration

In order to describe the geometry of the problem, we let €2y and 2, be two
bounded and simply connected open polygonal or polyhedral domains in R?, with
d = 2 or d = 3, respectively, such that Q;NQ,, = 0 and X := 9Q:NIN,, # 0 is either
the union of straight lines if d = 2 (see Fig. or a polygonal surface if d = 3,
satisfying ¥ C 0Q¢ and X C 9€,,. Then, we let I'y := 0\ X , Iy, := 00, \ X, and
denote by n the unit normal vector on the boundaries, which is chosen pointing
outward from  := Qf U Q,, UX and ¢ (and hence inward to €2, when seen on
¥). On X we also consider unit tangent vectors, which are given by t = t; when
d =2 (see Fig. and by t1,ty, when d = 3.

The problem we are interested in consists of the movement of an incompressible
viscous fluid subject to a heat source occupying €2y which flows towards and from
a porous membrane €, through ¥, where €2y, is saturated with the same fluid (see
[79, 88]). The mathematical model is defined by two separate groups of equations,
a set of coupling terms and a set of boundary conditions.

This domain configuration can be found in various problems involving the
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Figure 2.1: Sketch of a 2D geometry for the coupled model.

filtration of incompressible fluids through porous media (see for example [44], [86] ).

2.2 Navier—Stokes/heat system

The Navier—Stokes equations provide a model for the flow motion of a homoge-
neous, incompressible Newtonian fluid (a rigorous derivation of the Navier—Stokes
equations can be found in [50]). In particular, we adopt the mesoscopic model
given in [86], Section 3.3.1]. Furthermore, we couple the nonlinear Navier-Stokes
system with the heat equation. This coupling is usually known as the Boussinesq
model, in honor to the french mathematician and physicist Joseph V. Boussinesq,
who proposed and studied this phenomena in 1897 [14].

According to the above, in the free fluid domain €2¢, the motion of the fluid can
be described by the following Navier—Stokes/heat system:

or=2pe(us) — prl in Qp (2.1a)

—divey + (ur-V)up — gy =0 in  Q, (2.1b)
divug =0 in Qy, (2.1¢)

—keAbOr + ug- VO =0 in €, (2.1d)

where p > 0 is the dynamic viscosity of the fluid, u¢ is the fluid velocity, p¢ is the
fluid pressure, oy is the Cauchy stress tensor, I is the d x d identity matrix, 6
is the fluid temperature, x; > 0 is the fluid thermal conductivity, g € L*(Q) is
the external force per unit mass, div is the usual divergence operator div acting
row-wise on each tensor, and e(uy) is the strain rate tensor given by

e(ug) := (Vuf + (Vuf)t)7

1
2

where the superscript ¢ denotes transposition.
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2.3 Darcy-heat system

The filtration of an incompressible fluid through porous media is often de-
scribed using Darcy’s law, which is a linear relationship between the velocity and
pressure of an incompressible fluid in a saturated porous medium. To establish the
governing equations in this domain, we adopt the mesoscopic model given in [86,
Section 3.3.1| for Darcy’s law, and similarly to the above, we couple this system
with the convection-diffusion equation. In this way, in the porous membrane €,
we have the following Darcy-heat system,

K'uy + Vpm — 8l =0 in Qp, (2.2a)
divu, =0 in  Qy, (2.2b)
b A, +u,-VO,=0 in Qp, (2.2¢)

where u,, represents the fluid velocity, p,, the fluid pressure, 6, the fluid tem-
perature, g, € L3(Q,) a given external force, k, > 0 the thermal conductivity,
and K € L*>(€,) is a symmetric and uniformly positive definite tensor in €,
representing the intrinsic permeability & of the membrane divided by the dynamic
viscosity p of the fluid. Throughout the thesis we assume that there exists Cx > 0
such that

§'K(r)€ > Ck €, (2.3)

for almost all z € Q,,, and for all £ € R?.

2.4 The transmission conditions

We now focus on establishing coupling conditions across the interface ¥ sep-
arating the free fluid domain and the porous medium. This is a classic problem
that has been investigated from both a rigorous physical and mathematical point
of view since one of the mathematical difficulties arises from the fact that we need
to couple two different systems of partial differential equations. The conditions
that must be prescribed on ¥ are the following;:

1. The condition to assign at a permeable interface is the continuity of the
normal velocity, which is a consequence of the incompressibility of the fluid.

2. A condition relating the pressures of the two fluids across the interface >.

3. A condition on the tangential component for the fluid velocity at the interface
3.
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4. A condition relating the temperatures of the two domains across the interface
3.

5. A condition that relates the thermal conductivities of the two domains through
the X interface.

Therefore, the transmission conditions that couple the systems (2.1]) and ([2.2))
on the interface ¥ are given by

Oy =60, on X, (2.4a)
keVO-n=r,V0,-n on X, (2.4b)
U -n=1u,-n on X% (2.4¢)
d—1
orn + ij(uf ‘tj)t; = —pmn on X, (2.4d)
j=1
where wy, ...,wy_1 are positive constants depending on the intrinsic permeability

K, the viscosity p, and on the geometrical characteristics of the membrane (see
61).

The first and second conditions represent the continuity of the temperature
and the heat flux, respectively, while is a consequence of the incompress-
ibility of the fluid and the conservation of mass across ¥ (see [79]). In turn, the
fourth condition ([2.4d|) can be decomposed, at least formally, into its normal and
tangential components as follows:

(ofn) - n = —py

2.5
(o¢mn)-t; = —w;(ug-t;) on X, jel,....d—1 (2:5)

The first equation in corresponds to the balance of normal forces, whereas the
second one is known as the Beavers-Joseph-Saffman law, which establishes that
the slip velocity along ¥ is proportional to the shear stress along ¥ (assuming also,
based on experimental evidence, that u,, - t is negligible). We refer to [6], 81], 4]
for further details on this interface condition.

2.5 The boundary conditions

In order to complete the definition of our coupled problem, we have to introduce
suitable boundary conditions.

1. For the Navier-Stokes equations, we consider a no-slip condition on the
boundary I'y, that is, the velocity vanishes on the boundary.
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2. For the Darcy problem, we consider a no-flow condition on the boundary I',,
that is, the normal component of the velocity vanishes on the boundary.

3. For the Heat problem, we consider a set temperature boundary on boundaries
['t and I'y, described by a Dirichlet’s type boundary.

Therefore, the boundary conditions for the Navier—Stokes/Darcy/heat coupled

system (2.1)), (2.2) and (2.4)), are given by:

Uur = 0 on Ff,

u, - n = 0 on I,
(2.6)

ef — 9D|Ff on Ff7

9m = QD‘Fm on Fm,

where 0p € W344(T") is given function defined on I' := T’y U T,

To conclude this chapter, it is important to note that in subsequent chapters,
the proof of existence and stability of solutions to the continuous problem relies
on introducing a suitable lifting for the Dirichlet datum #p. This lifting, as we
will clarify in our subsequent analysis, must belong to L>(2). However, and as
indicated by the first embedding in , this requirement is met if the lifting
is in WY(Q), with » > 3 for the three-dimensional scenario and r > 2 in two
dimensions, suggesting that fp should be an element of W!='/"(I"). Therefore,
for the sake of simplifying both the analysis and notations, we set » = 4 henceforth
and assume that fp € W*44(I'), ensuring the necessary condition for the lifting
in both two and three dimensions.
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Chapter 3

A conforming finite element method
for a nonisothermal fluid-membrane
interaction

3.1 Introduction

In this chapter, we focus on proposing and analyzing a conforming numerical
scheme for the nonisothermal fluid-membrane model introduced in Chapter

We use a velocity-pressure-temperature variational formulation in both do-
mains, which yields the introduction of a suitable Lagrange multiplier representing
the trace of the porous media pressure on the interface. Then, we combine the
theory developed in [45] and [7], and similarly to [37] (see also [9]), make use of
a suitable lifting of the temperature data to prove the existence of a solution by
means of a fixed-point strategy and under a smallness assumption on data. In
addition, under a restrictive assumption on the temperature solution, we prove
uniqueness.

In terms of the discretization of the formulation, we utilize Bernardi—-Raugel
and Raviart-Thomas elements for the velocities in the free-fluid and porous media
domains, respectively. For the pressure and temperature, we employ piece-wise
constant and Lagrange elements, respectively, in both domains. Additionally, for
the Lagrange multiplier, we use continuous and piece-wise linear functions. The
analysis of the discrete scheme employs a similar approach to the continuous case,
and under a smallness assumption on data and on the temperature in the mem-
brane, we obtain the corresponding convergence rate of the Galerkin scheme and
we will finish with some numerical implementations that corroborate the theoret-
ical analysis.

The remainder of this chapter is organized as follows:
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e In Section we derive the corresponding variational formulation and
analyze the existence and uniqueness of the solution.

e In Section [3.3] we define a conforming numerical scheme and analyze its
well-posedness.

e In Section [3.4] we perform the error analysis and derive the corresponding
order of convergence of the scheme.

e In Section [3.5] we provide some numerical results illustrating the perfor-
mance of the method and confirming the theoretical rate of convergence.

3.2 Continuous problem

In this section, we derive the corresponding variational formulation for the
model problem presented in Chapter 2] Next, we discuss the stability properties
of the different forms involved and analyze the well-posedness of the resulting
formulation.

3.2.1 The variational formulation

To derive a weak formulation for the coupled problem given by (2.1, (2.2)),
and (2.6)), we proceed similarly to [56, Section 2|. First, we introduce some
more notation and definitions. In the sequel we will employ the following subspaces
of H(div; Q) and H'(Q,), respectively

HL (Q)) = {veHl(Q*): v=0 on r*},

with = € {f,m}. Notice that the latter implies the definition of the following
subspace of H!(Q)
Hy, () = [Hp, ()]

To derive our weak formulation, first we multiply (2.1b) by a test function
ve € Hy (€), integrate by parts and employ (2.1a]) and (2.4d), to obtain

21 (e(ug), e(ve))a, + ;Wj (ug -t ve - ty)y + ((ue- V), vio, (3.1a)

— (ps,divve)g, + (N, vi-n)y — (08, Vi), = 0,
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for all vi € H{, (), where A € H'/2(X) is a further unknown representing the
trace of the porous medium pressure on ¥, that is A = py|s.

Next, we multiply (2.2a) by v, € Hr,_(div;Q,,), and integrate by parts to
obtain

(Kr:llumavm)ﬂm - <Vm -1, )\>2 - (pmadivvm)ﬁm - (Qm gm7vm)Qm = 07 (glb)

for all v,,, € Hr, (div; Q).
Now, to incorporate ([2.1d)) and (2.2c]) to the variational system, we first define
the spaces

U = {9 € HY(Q) : ¢Y]g, € L¥(Qm)} and W o := U, NH(Q),

and notice that if 1) € Wy, then [o, € Hp () and o, € Hf (Qm) NL™(Qn).

Then, we let ¢ € Uy, and multiply (2.1d)) and (2.2¢) by ¢|q, and ¢|q,,, respec-
tively, to obtain

ke (VO;, V)o, — ke (VO -0, 0)y + (ug- VO, h)g, = 0,
and
Km (VO V)a,, + km (VOn -0, 0)s + (U - VO, ¥)q, = 0,

and summing up both equations, and using the interface condition (2.4bf), we
finally get

K (V@f, Vw)gf—i-/im (V@m, Vw)gm + (Uf'vef,w)gf + (um'vem,d})gm = 0, (3.1C)

for all ¥ € U,.
Finally, we incorporate the equations (2.1c|), (2.2b)), and (2.4c)), weakly as fol-

lows
(g, divug)g, =0,  (gm,divuy)o, =0 and (uf-n—u,-n,&y =0, (3.1d)

for all ¢r € L2(%), g € L2(Q), and & € HY2(X), respectively.
As a consequence of the above, we define p := prxt + PmXm, 0 := 0:xt + O X,
with y, being the characteristic function:

1 in €,
Xe= 0 in Q\Q,

for x € {f,m}, to obtain the variational problem: Find u; € H%f(Qf), u, €
Hr_(div;Qu), p € L2(Q), A € HY2(X) and 6 € HY(Q), with 6|p = 0p, such that
(3.1a)—(3.1d) hold.
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Note that in principle the space for p,, does not allow enough regularity for
the trace py|s to exist. However, solution of has this unknown in H'(Q,)
which justify the introduction of A € H/2(X). On the other hand, we observe that
0 € HY(Q) if and only if holds, so the interface condition is imposed
on the temperature space. In turn, we notice that since u,, € Hr_(div;,) and
Vl|q, = Vb, € L*(Qy), then u,, - VO, € L*(Q), which justify the introduction
of the space W for the test function ¢ in (3.1c]).

Now, let us observe that if (uf, un,p, A, €) is a solution of the resulting varia-
tional problem, then for all ¢ € R, (ug,un,p + ¢, A + ¢,0) is also a solution. Con-

sequently, we avoid the non-uniqueness of (3.1al)—(3.1d|) by requiring from now on
that p € L3(Q).
In this way, we let:

u:= (up,uy) € H:= H%f(Qf) x Hr, (div; Qu),
(p,A) € Q= L5(Q) x HYA(),
where H and Q are endowed with the norms

IVlla = [villoe + [[Villave, Vv eH,
(g Ollq = llglloa + [IEll2s  V(g,6) €Q,

and arrive at the following variational problem:
Find (u, (p,)\)) € H x Q and § € H'(Q2), with 0|r = 0p, such that
AF(uaV) + OF(uf;uﬁVf) + B(Vv(pa )‘)) - D(@,V) = 0,
B(u,(¢,€)) = 0, (32)
AT<97w) + OT(u70>w) = 07
for all v = (v¢,v) € H, for all (¢,£) € Q and for all ¢ € VU, where the forms
Ap t Hx H — R, Op : HE () x HA () x HE () > R, B: Hx Q — R,

D:H Q) xH—=R, Ar : H(Q) X ¥oop — R, and Or : Hx HY(Q) x U,y — R,
are defined respectively, as

Ap(u,v) = aps(ur, ve) + apm(Um, Vi),

Op(we;ug, ve) = ((we- V)ug, vi)oy,

B(v.(¢,8) = —(¢.divvi)e, — (¢,divVvm)a, + (Vi 0 — vy n,{)y, (3.3)
D(0,v) = (0ge,ve)a, + (08ms Vi),

Ar(0,) = ke(VO, V), + km(VO, V).,

Or(w;6,¢) = (wr- VO, ¥)o, + (W - VO, ¥)q,,
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d—1
aps(ur,ve) = 2p(e(u) e(ve))a, + 3 wj (Ut Vit
j=1
aF,m(umavm) = (K_l umavm)Qm-

3.2.2 Existence and stability of solution

Now we address the existence and stability of solution of problem (3.2)). We
start the analysis by deriving the stability properties of the forms involved. More
precisely, in what follows we derive the continuity of each form involved in the
problem, an inf-sup estimate for the bilinear form B and the ellipticity of the
bilinear form Ag(-,-) + Op(wg; -, -), for a given wy € Hf, (€). This estimates will
be required to prove existence and uniqueness of solution of problem (3.2)).

Stability properties

We begin by observing that, after simple computations, the bilinear forms Ap,
B and At are bounded, that is,

[Ap(u, V)| < Cagp [[ullu [|v]la Vu,veH, (3-4)
1B(v,(¢,6))| < Callvlal(e9)le  VveHV(q¢) €Q,
[Ar(0,9)] < Car [10lla [¢]h.0 VO e H(Q), VY € Vo (35)

In turn, employing the Holder and Sobolev inequalities (cf. (1.1)) and (1.7)), re-
spectively), it is easy to see that

DO, v)| < Cp (llgllog + lgmllosen) 10lie Ve Ve Ve, Vv e H. (3.6)
Similarly, for Op we utilize again and ([L.7), to obtain
Or(we; ug, vi)| < Coy l[welluay [[uellio; [Vellio, YV we,ag, ve € Hy ().
Now, we let V be the kernel of the bilinear form B, that is
Vi={veH:B(v,(,§) =0 V(g € Q}. (3.7)
From the definition of B we observe that v = (v¢, v,) € V if and only if
(q,divve)g, + (¢, divvy)a, =0 VqeLi(Q),

and
(vi-n—vy -née=0 VEecHAR).
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Then, noting that L*(Q2) = L(Q) @R, and taking ¢ € R in the latter equation,
we deduce that

(q,divve)g, + (¢, divvy)a, =0 Vq e L*(Q),
which implies
divvi=0 in Q and divvy, =0 in €.
According to the above, we can rewrite V as
Vi={v=(vi,vpn) EVexV:virn—v, -n=0 on X}
with
Vi = {Vf € H%f(Qf) cdivvg =0 in Qf},
Vi ={vm € Hp_(div; Q) :divvy, =0 in Q,}.

Next, we employ the well-known Korn’s inequality for the bilinear form ap
(cf. (1.4)), and the fact that K~! is symmetric and positive definite (cf. ([2.3)) for
ap m, to deduce that

aps(vi,ve) > 2uae[[villig, and  apm(Vin, Vi) > Ck [Vinlldivo,,  (3:8)

for all v € H%f(ﬂf), and for all v, € V,, with a; > 0.

Using these estimates we deduce that the form Ag(+, )+ Op(wy;-,-) : HxH —
R, is elliptic on V for suitable wy € V. More precisely, we have the following
lemma. For its proof, we refer the reader to [45, Lemma 2].

Lemma 3.2.1. Let wg € V¢ be such that

2
Iwe-nlos < ot

_ 3.9
ST (3.9)

where Cy. > 0 is the constant of the well-known trace inequality (cf. Theorem
1.6.4)). There holds

AF(V, V) + OF(Wf; Vg, Vf) Z ap HV”%_I Vv e V, (310)
with ap 1= % min {poy, Ck }-

We also recall from [45, Lemma 1| that the bilinear form B satisfies the following
inf-sup condition

B
sup (v, (q,%))
veH\{0} |v]|a

> Bl@le V(g6 €Q (3.11)

with 8 > 0.
We continue by introducing the following lemma that summarizes some prop-
erties of the form Or.
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Lemma 3.2.2. The following identity holds true:
Or(w;0,1) = — Orp(w;1),0) YweV, Vo, e V,. (3.12)

In addition, for all w € H and for all 0, € W, there exist positive constants
Cor, Coy, such that

Or(w; 0,¢)| < Corllwllall¢lla (10llose: + 10]0.00.0m) (3.13a)
Or(w;0,9)| < Coy Wil [¢ll10 (16ll1.0: + [16]lo000.) - (3.13b)

Finally, there exists Co, > 0, such that
0r(w: 0, ¥)| < Coyllwlalvlie (10ll.e + 10]140..) (3.14)
for allw € H, for ally) € HY(Q) and for all § € HY(Q) such that 0|q,, € WH(Qy,).

Proof. Let w € V and 6,1 € U, be given. Noticing that ¥|g, € Hf. (Qm) N
L (Qn), it readily follows that

V(0lontlaw) = 0lo.V(¥la,) + ¢, V(0la,) € L ().

Then, integrating by parts the two terms defining the form Or (cf. (3.3)) and
using the fact that divw, = 0 in Q,, w, -n = 0 on I, for x € {f,m}, and
Wi -n — Wy, -n =0 on X, we easily obtain ((3.12)).

Now, for (3.13a) we employ (3.12) and (L.1), to obtain
< [(we - VY, 0)| + [(Wm - VI, 0)q,|

< lwellos. |t la; 10110300 + 1Wnlldiviw 111,00 1101000, 00 -
(3.15)
Then, applying (1.7)) to || w¢||o..0, We easily deduce (3.13a)). In turn, applying
to ||0]]o.3.0,, estimate follows easily from (3.13al).
Finally, to deduce , we apply , to obtain

|OT(W; 97¢)| < |<Wf ’ vga ¢)Qf| + |(Wm ’ V97¢)Qm

¢||0747Qm'

In this way, applying the Sobolev inequality (1.7) to ||[w¢lloa0,s [|¥]040, and
19]10.4.0m> We get (3.14), which concludes the proof. ]

< welloaer 1010 |P]l0a0: + Wi lldiviom [0]1,4,00
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In (3.15)), it’s noteworthy that w¢ and 6 could have been estimated using the
norms || - ||op0, and | - |00, respectively, for any p € [1,6] and ¢ > 1 satisfying
1/p+ 1/q = 1/2. However, we opt to set ¢ = 3 for consistency, as it aligns with

our subsequent proof of Lemma [3.2.6f There, we combine (3.13a)) and (3.234))

to deduce that, for a sufficiently small parameter § > 0 (to be specified later in

Section [3.2.2)), estimate (3.40]) hold.
On the other hand, using the Poincaré inequality (cf. ([1.3])), we obtain

Ar(¥,9) > ar|[¥lliq Vo € Hy(Q), (3.16)

with constant ar := Cp min{k¢ , ki }, where Cp > 0 is the corresponding Poincaré’s
constant. Combining this estimate and (3.12)) one easily deduce that for a given
w eV, Ar(-,+) + Op(w;-,-) is elliptic on ¥, o, that is

AT(¢7¢) + OT(Wa¢7¢) Z aT ||¢||%,Q \Vll/} € \I[oo,O' (317)

An equivalent reduced problem

To simplify the analysis of existence and stability of solutions of , we now
introduce a reduced equivalent version of problem. More precisely, in what follows
we restrict problem to the kernel of the bilinear form B, namely V, and
decompose the temperature by means of a suitable lifting operator. Then, we
obtain an equivalent reduced problem that can be analyzed by means of classical
results, such as the Brouwer’s fixed point theorem and the Lax—Milgram lemma.
We begin by introducing the aforementioned lifting operator. To do this, we
let E : W¥44(') — W*(Q) be the usual lifting operator (see for instance [47,
Corollary B.53]), satisfying

%(E()) =¢ and [[E(()|140 < c|l(llz4ar VCE W3/4’4(F)7 (3.18)

where v5 : WH4(Q) — W3/44(T") is the trace operator. In turn, we let § > 0 and,
similarly to [9, Lemma 2.8, define the function 35 : R — R given by

1 if 0 < dist(x,I") <9,
Bs(x) := < 2 — 6 tdist(x,T") if § < dist(x,T") < 26, (3.19)
0 if dist(x, ") > 20,

where dist(x,I") denotes the distance from the point x to the boundary I". Observe
that (s is continuous and satisfies the following properties

Bs € Whee(Q),

0<B <1 in s,
Bs=0 in Q\Qs,

IV Bslloans <004,

(3.20)



A conforming finite element method for a nonisothermal fluid-membrane
interaction 43

where Qs 1= {x € Q : dist(x,I") < 26}, which satisfies |25] < Cpd, with Cr being
a positive constant that depends on the measure of I". In this way, in order to
handle the non-homogeneous Dirichlet boundary condition for the temperature,
we introduce the extension operator

Es := BB : W¥Y4HT) — WH(Q). (3.21)
In the following lemma, we summarize some properties of this operator.

Lemma 3.2.3. For all ( € W¥*4(T), E5(C) lies in L>(2) and satisfies the esti-
mate

[Es(Ollo,coe < IEQ) 0,000 (3.22)
In addition, there exist Chg 1, Ch2, Cuge,s > 0, such that

IEs(Ollose < Ciea 07 I¢Ils/a,0 V¢ € WHHA(T), (3.23a)
IEs(Olle < Ciiteo 64 (14632 ||¢|l3/aar V¢ € WY/HHT), (3.23b)
IEs(O)]140 < Cugs (1+ 5_2)1/2HCH3/4,4,1‘ V¢ € W3/4’4(F)- (3.23c)

Proof. We begin the proof by observing that the first Sobolev’s embedding in (11.6)
with ¢ = 1 and r = 4 guarantees the fact that Es(¢) € C%(Q) C L*°(Q), for all
¢ € W344(T"). In addition, using the second and third properties of 35 (cf. (3.19))

given in ([3.20]), there holds
IEs(Olloco = IEs(Ollo.co0s < () 00005

which implies (3.22)).
Now, to derive (3.23a)) and ([3.23b]) we proceed similarly to [37, Lemma 3.2|.
In fact, we first apply the Holder inequality ((1.1) with p = 4 and ¢ = 4/3 and the

estimate in (3.18)), to obtain

B350 < IEQ50, < 19/IEQ .0
1/4
< OB 4g < ¢8Y4ICHS 4 are

which implies (3.23al). Similarly, but now applying Holder’s inequality with p =
q = 2 and the properties of f5 in (3.20)), it is follows that

IVEs()llo.e < IVB)E 0.5 + 185V (E(C)]o.0 (3.24)
< e Q[ HEQ loag + 127 IV (EQ) o
<01+ 82 IC s,

which gives (3.23b)).
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Finally, to deduce (3.23c|) we first observe that estimate (3.18]) and the prop-
erties of s in (3.20)), imply
1Es(Olloagn = [1BE]oae < [E(Qoae < cll¢lls/aar
In turn, using the fact that |V3;] = 071 a.e in {x € Qs : 0 < dist(x,T") < 2§} and
V Bs vanishes elsewhere, and proceeding similarly to (3.24]), we obtain

IVEs(D)lloag < 1V(B)EQloaes + 185V EQ)) lo.aes
< e EQloan + IVEQ)llo.so

<L+ 2IClsaar.

Using the estimates above we readily deduce (3.23c]), which concludes the proof.
]

Given a fixed § > 0 now we define the following lifting for the Dirichlet datum

Op € W3/4’4(F)2
61 == E;(fp) € WH(Q), (3.25)

and decompose the unknown 6 € H'(2) as 6 = 6y + 6, with 6, € H}(Q2). In turn,
we recall from the second equation of that the unknown u = (us,u,) € H
satisfies B(u, (¢,€)) = 0 V(¢,&) € Q, which implies that u € V (cf. (3.7)).

According to the above, now we introduce the reduced version of problem ((3.2)
on the kernel V, which consists in finding (u, 6y) € V x H}(2), such that

Ap(u,v) + Op(ug;ug, ve) — D(6y,v) = D(64,v) Vvev,
Ar(0o,¥) + Or(u; b +61,¢9) = —Ap(01,¢) Vi € Uy
It is not difficult to see that problems (3.26)) and ({3.2]) are equivalent. This result
is established next.

Lemma 3.2.4. If (u,(p,)\),0) € H x Q x HY(Q) is a solution of (3.2), then
u €V and (u,b6y) = (u,0 — 61), with 0, defined in is a solution to (3.20)).
Conversely, if (u,0p) € V x H}(Q) is a solution to (3.26)), then there exists p €
L2(Q) and X € HY2(X) such that (u, (p, \),0) = (u, (p, \), 0 + 61) is a solution to
B2).

Proof. The proof follows from the definition of the lifting 6; (cf. (3.25)) and the inf-
sup condition (3.11)). We omit further details and refer the reader to [85, Lemma
2.1] for a similar result. O

(3.26)

According to the previous lemma, to prove existence of solution of problem
(3.2), it suffices to prove existence of solution of problem . In addition,
by deriving the stability of solution of problem one can easily obtain the
corresponding stability for . In the following section we shall address these
aspects.
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Existence of solution and stability

In what follows we proceed similarly to |7, Section 2.3] to prove existence of so-
lution of by means of a Galerkin’s method and a fixed-point strategy. More
precisely, since the trial and test spaces are different, we introduce a Galerkin
scheme for to obtain a finite-dimensional square system of nonlinear equa-
tions. Then, we apply the Brouwer Fixed Point Theorem to prove existence of
solution of the resulting finite-dimensional problem and pass to the limit to obtain
the desired solution.

We begin by recalling from [I6, Propositions 9.1 and 3.25| that Wé’4(Q) is
separable and has a countable basis. In turn, since V is a closed subspace of
H = Hj (Q) x Hr, (div; Qy) and Hf, () and Hr,, (div; Q) are separable, V is
also separable and has a countable basis. Then, we let {¢;}ien and {z;}ien =
{(#is, Zim) }ien be the countable bases of Wi*(€) and V, respectively and for a
fixed n € N, we let U,, = ({1,...,¢,}) and V,, = ({z1,...,2,}). We define the
following finite-dimensional nonlinear problem:

Find (u,,0,0) := (Wnt, Wym), Ono) € Vi, x ¥, such that

Ap(u,,v) + Op(u,suns, vi) — D(6h0,v) = D(60:,v),
Ar(bn0,%) + Or(p; 0n0+ 01,0) = — Ar(61,9),

for all (v, ) := ((ve, Vi), ¥) € V,, X U, with 6y defined as in ([3.25)).

Notice that is a discrete version of since Wy*(Q) C L®°(Q) and
Wy () € Hy(2) (owing to (L6)).

In what follows, we prove that problem has at least one solution by
means of the classical Brouwer’s fixed point theorem (cf. Theorem [L.6.9)), which
is rewritten below for convenience and readability.

(3.27)

Theorem 3.2.5. Let Y be a compact and convex subset of a finite dimensional
Banach space X, and let f : Y — Y be a continuous mapping. Then, f has at
least one fized point.

To apply Theorem to the context of problem (3.27)), we first define the

compact and convex set

ooy e v s, IV < Cullarlon + galosa ) 1lha |
and [[¢llio < Cpllth][10
with Cy and Cy given by
Cu:=2ap'a;' Cp (Ca, + ar), (3.28)

and
Cyp:=ar' (2C4, + ar), (3.29)
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respectively. In turn, we let 7, : X,, — V,, x ¥,, be the operator defined by
TIn(W,0) = (U, 0h0)  V(W,0) = ((Wr,Wn),d) € Xy, (3.30)

where (u,, 0,,0) is the unique solution (to be verified below) of the linearized version
of problem (3.27): Find (u,,0,0) € V,, x ¥, such that

AF(un,V) + OF(Wf;un,fyvf) - D(¢a V) + D<01av)
AT(Hn,07¢) + OT(W; Qn,quvz)) = _AT(917w> - OT<W;01777Z))7

for all v € V,, and for all ¢» € ¥,,. Then, it is clear that (u,,0,0) € V,, x ¥, is a
solution of problem , if and only if, J,,(u,,0,0) = (U, b,0).

According to the above, to prove existence of solution to in what follows
we equivalently prove that 7, satisfies the hypotheses of Theorem [3.2.5] Before do-
ing that, we must verify that 7, is well-defined. This is addressed in the following
Lemma.

Lemma 3.2.6. Let 6; = Es(0p) € WH(Q) with § > 0 satisfying

(3.31)

CpCo 1
229 (lgrlloqr + lgmllosen)Cuint 672 [plls/aar < = (3.32)
QfFQT 4
and assume that the lifting 0, satisfies
Cp Co, 1
——t m 010000 < —. 3.33
P (lgtllogr + lgmllosn) 10illocen = § (3.33)
Assume further that 0p satisfies the following estimate
_ 2ua
Cu (lgtllon, + llgmllosan) Cina 841+ 822 B lsar < =g —, (3:34)
Cix Cson,s

where Cy is the positive constant defined in (3.28)). Then, J,(X,) C X,, and for
each (w,¢) € X,,, there exists a unique (u,0) € X,,, such that J,(w,¢) = (u,0).

Proof. Given (w,¢) = ((wg, wn), ¢) € X,,, we first observe that is an un-
coupled system of linear equations. Thus, to prove that operator 7, is well-defined
it suffices to prove the well-posedness of the two equations in separately.
For the subsequent analysis, we let vg = ||g¢|lo.; + [|8ml0,3,.0m -
First, we use the well-known trace inequality with constant Cy, > 0 (cf. ),

and estimates (3.23b]) and (3.34)), to obtain
[we-nlloyx < Cullwellio, < Cu Cuellfillio
Cir Cu g Clife o 6341 + 62)1/2 10b|3/4,4,0
20
Ot21” Ogob,E 7

IN

(3.35)

IN
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which implies that w; satisfies . Then, thanks to Lemma we have that
Ap(-, )+Og(wy; -, ) is elliptic on V,,, which together with the Lax-Milgram Lemma
implies that there exists a unique u € V,, solution to the first equation of .

Similarly, since ¥,, C ¥ and V,, C V, from we have that Ar(-,-) +
O1(w;+, ) is W,-elliptic. Then, owing to the Lax-Milgram Lemma we obtain that
there exists a unique 6 € ¥,,, solution to the second equation of . According
to the above, we have proved that there exists a unique (u,0) € V,, x ¥,,, such
that J,(w, ¢) = (u,0).

To conclude that 7,(X,,) C X,,, it remains to prove that the aforementioned
solution (u, #) belongs to X,,. To that end, we first notice that, since u satisfies the
first equation in , from the ellipticity of Ag(,-) + Op(Wy;-, ), the continuity
of D, the identity C, = an'Cp(Cy + 1) (cf. and (3:29)) and the fact that
¢ € X,,, we have

lullg < o' (Cpl¢llere + Collbilliee)

" (3.36)
< ap Cp(Co+1)7g [|01]l1,0 < Cuvg l|0:1]10-

Similarly, since 6 satisfies the second equation of (3.31]), from the estimate above,
the ellipticity of Ar(-,-) + Orp(w;-,-) (cf. (3.17))), the continuity of Ar (cf. (3.5)))
and O (cf. (3.13a))), and estimate ([3.23a)), it follows that

10]|1.0 S&%l [CATH‘91H1,Q + Co, ||ullm (Clift,151/12HQDH3/4,4,F + HelHo,oo,Qﬂ

SOéEl [CATH91H1,9 + CoCuell01]1.0 (Clift,151/12”9DH3/4,4,F + H91H0,oo,ﬂ)]-
(3.37)

In addition, using the definition of Cy in (3.28)), from (3.32) and (3.33)), we

obtain, respectively

_ Cap +

ar' Cop Cuvg 1011110 Cite1 62 |0p 37401 < (%) 10110,  (3.38)
T
and
_ Cu. + «
7' Coy Cure il Wiloma < (520) Ioida (339)
ar

Therefore, by combining (3.37)), (3.38)), and (3.39), we obtain

101110 < Col[:]]1,0. (3.40)

According to the above, (u,6) € X, thus J,(X,) € X, which concludes the
proof. O
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Remark 3.2.1. Observe that, according to (3.22)), the condition (3.33) can be
replaced by

Cp Coy 1

m E(0 o] <_7
L0 (gl + l1gmllonn) IEGD) loas <

which, in other words, means that the L°°-norm of the extension of the datum 6p
must be small enough on Qs = {x € Q : dist(x,I') < 20}, where Qs is a small
portion of the domain ) near the boundary I'. In particular, if 0 is small enough
so that ||E(0p)ll0.co0s = [10b]l0.cor, one could simply assume that

Cp Co,

afp o

(Ilgtlloe + 18mllo3.0m) |D]l0,c0r <

| =

Now, to apply the Brouwer’s fixed-point theorem, we need to establish the
continuity of operator 7,. This result is established next.

Lemma 3.2.7. If we assume that the hypotheses of Lemma[3.2.6 hold, then T, is
a continuous operator.

Proof. Let (W, ) = ((We, W), ) € Xy and {(w;, ¢;) }jen = {((Wej, Win3), §5) }ien
C X,,, be such that ||w,—w|g — Z% 0 and lo;—dll1.0 2% 0, and let {(u;,0;)}jen =
{((00, ). 0;) e © X, and (w,6) = (g, up), 6) € X, given, respectively, by

Tn(Wj, ¢5) = (u3,0;) VjeN and J,(w,o)=(u,0).

To prove the continuity of 7, it suffices to prove that ||u; — ul|lm 2% 0 and

]4)00

|6; — 8|10 — 0. To that end, given j € N, from (3.31)) and the definition of 7,
(cf. (3.30)), we first observe that

AF(U — Uy, V) + OF(Wf; Uy, Vf) - OF(Wf,j; U—f,j7Vf) = D(¢ — @5, V)

Ar(0 —0;,9) + Or(w; 0,¢) — Op(wy;0;,¢) = —Op(w —wj;01,7),
(3.41)
for all v = (v¢,vy) € V,, and for all ¢ € ¥,,. In turn, noticing that wy satisfies
3.35)), we have that Ag(,-) + Op(wy; -, -) is elliptic (cf. (3.10)) on V,,. Then, from
3.41 Wlth v = u—u;, adding and subtracting OF(Wf J, Ug, Ug— Uy ]) and employing

the continuity of Or and D, and the fact that wr ; = wr and gb] % ¢, we arrive
at

ar u—ujla < Copllwr — wejlluo: [l + Co llé — dilli07e == 0, (3.42)

where v = ||g¢ll0.0; + [|18ml]0,3,0m-
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Similarly, in the second equation of (3.41)), we let ¢y = § —0;, add and subtract
Or(wj;60,0—0;), and employ the coercivity of Ar(-,-)+Or(w;;-,-) given in (3.17),
the continuity of Or (cf. (3.13b))), and the fact w; 2% w, to obtain

Jj—o0

ar [0 =850 < Cop W — willa (10 + 61 lluor + 110+ 61 ]l0.00.0m) =3 0. (3.43)

In this way, according to the definition of 7, (cf. (3.30))), from (3.42)) and (3.43)
J—00

we obtain that J,(w;, ¢;) — J.(W, ¢), which implies the continuity of 7,. [

Now we are in position of establishing the solvability result for the finite-
dimensional nonlinear problem (3.27)).

Theorem 3.2.8. Let § > 0 satisfying (3.32) and let 6, = Es(fp) € WL4(Q) be
such that (3.33)) holds. Assume further that :3.34; holds. There exists at least one

(W, 0,0) € X,, solution to problem (3.27]).

Proof. The proof follows from Lemmas [3.2.6] and Theorem (3.2.5] O

Now we address the solvability of the reduced problem (3.26]). This result is
established in the following Theorem.

Theorem 3.2.9. Let § > 0 satisfying (3.32) and let 0, = Es(6p) € WH(Q) be
such that (3.33)) holds. Assume further that (3.34) holds. Then, there ezists at
least one solution (u,6y) € V x H}(Q) to problem (3.26). In addition, the solution

satisfies
Julla < Cu(llgtlloor + [I8mllo3.0m) 1101110, (3.44)

and
10oll1.0 < Coll01]l10, (3.45)

with Cy and Cy, being the positive constants defined in (3.28)) and (3.29), respec-
tively.

Proof. In what follow we proceed similarly to the proof of [7, Theorem 2.3|. To
that end, for each n € N, we let (u,,0,0) = ((Unf, Unm), 0no) € X,, be a solution
of problem and let {(w,,0,0)}nen €V x H(2) be the resulting sequence.
In turn, for a fixed 1 < i < n, we let (z;, v;) == ((Zif, Zim), ¢:) € Vo X U,, be the
i-th basis function of V,, x ¥,,.

First we notice that, since (u,,6,0) € X,,, then for all n € N,

[unfla < Cu(llglloor +lgmllosan) il and  [0olle < Colli]l1e, (3.46)
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thus {(w,, 0,.0) }nen is a uniformly bounded sequence of V x H}(€2), which together
with the fact that V is a closed subspace of H, implies that there exists a subse-
quence, namely {(Un, 05.0) }nen € {(Wn, 050) }nen, that weakly converges to some
function (u,6y) = ((ug, uy), ) in V x H{(Q), that is,

U, = (Unyg, Upm) — u=(ur,u,) € VCH=H () x Hr, (div; Q)

and B, "= 6, € HE(Q).
(3.47)
In the sequel we prove that (u,fy) is a solution to . In fact, from the second
weak convergence in we have that for each ¢ € N, there holds

~

| A7 (0,0 — 0o, 5)| < max{rr, km} (VG0 — 60), Vi )a| =3 0,

thus

o~

7}13)10 Ar(bn0, i) = Ar(bo, i) (3.48)

Now, recalling that ¢; € U for all i € N, by applying the Green formula (3.12)),
we deduce that
O (Uy; /e\n,(] +01,0) = —O7(dn; i, an,o + 01)

~ ~

= — (ﬁn,f(en,o + 61), VQOZ)Qf — (ﬁn,m(en,o + 61), VQOZ)Qm
(3.49)
In turn, since {U,r}nen converges weakly to ug in H'(Q) and since H'(€) is
compactly embedded in L*(Q), it follows that {U,¢},en converges strongly to
u; in L4(Q), and analogously we have that {é\n,O}neN converges strongly to 6y in
L*(€Q). These strong convergences and the fact that §;, € W4(Q), imply that

-~

hm (ﬁn’f(en’o + 61), V@Z>Qf = (llf (‘90 + Ql), Vg@z)gf (350)

n—0o0

On the other hand, the strong convergence of {é\n,o}nEN to 6y in L*(Q) and the
fact that V; € L4(Q) imply that {@\H,OV%}%N convergences strongly to 6,V; in
L2(Q). Then, similarly to (3.50)), this strong convergence and the weak convergence
of {Upm }nen t0 Uy in L?(Qy,), imply that

~

lim (ﬁn’m(emo + 91), V()Oz)gm = (um (‘90 -+ 91), Vg&)gm (351)

n—oo

In this way, from the second equation of (3.27)), and from ([3.48)), (3.49), (3.50) and
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(3.51)), it follows that

—AT(GL%) = nh_>Holo [AT(é\n,Ou %‘) + OT(ﬁn;é\n,O + 04, 901)]

~ ~

= Jim [Ar(Bo,00) — Ox(Gis 00 Bo + 01)]

= Ar(0y, i) — Or(u; s, 00 + 61)

= Ar(0o, 0i) + Or(u; 00 + 01, ;).

(3.52)

Analogously to the above, from the first equation of (3.27) and using the fact
that {U,¢}nen and {6,0}nen converge strongly to u in L*(Q¢) and 6y in L4(9),
respectively, we deduce that

~

D7) = Tim [Ap(@in,2:) + OG5 Gins. 2i) — D(0no,2)|

(3.53)
= Ap(u,z;) + Or(us; ug,z;¢) — D(6,2).

In this way, from (3.52)), (3.53), and the fact that the basis {(z;, ;) }ien is dense
in V x Wi*(Q), we obtain

Ap(u,v) + Op(ug;ug, ve) — D(6g,v) = D(by,v),

(3.54)
Ar(00,v) + Or(u; 00 + 01,70) = — Ar(61,7),

for all v € V and for all ¢y € Wy*(Q). Since each term in the first and second
equation of defines a continuous linear functional on V and Wy*(Q), re-
spectively, particularly from the second equation of , we deduce and
in the sense of distributions, that is

—mfAQf + uf-VQf:O and —/{mAHm + umVHm:()

Hence, recalling that ug- Vo, € L%() and uy, - Vbylg,, € H%m(Qm)’, we observe
that the second equation of (3.54)) implies the identity

A6y, )+ (ug- Voo, V) o+ (um- Vo, ¢>H%m(ﬂm)’,H}m (@) TOT(0;01,9) = —Ar(61,9),

for all ¢ € H}(Q2). Therefore, since uy, - V|q,, also belongs to L'(y,), from the
latter we can recover the equation

AT(007Q/}) + OT(u’ 90 + 017¢) = _AT(617¢) \V/w S \IJOCNO?

thus, (u, ) satisfies (3.26)), which concludes the proof of existence of solution.
Regarding estimates (3.44]) and (3.45)), analogously to the proof of [63, Theorem
2.2] we observe that these estimates follow from (3.46)) and the fact that the norm
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is a lower semicontinuous function for the weak topology (see [16, Proposition 3.5]).
In fact, using (3.46) and the aforementioned property of the norm, we obtain

[ufla < liminf {[u,ln < Cu([gillogr + |8mllos.0.) 10110,
n—oo

and
16o]/1,0 < liminf||6,0]1.0 < Collb1]1.0s
n—oo

which concludes the proof. O

We end this section by deriving the corresponding estimate for the pressure p
and the Lagrange multiplier \.

Corollary 3.2.10. Assume that the hypotheses of Lemma hold, let (u,6y) =
((ug,un), 00) € V X HY(Q) be a solution of and let (p, \) € Q be such that
(u, (p,A),0) = (u,(p,\), 0+ 61) € Hx Qx H(Q) is a solution to (3.2). There
exist Cy, Cy > 0, such that

(2, Ml < (C1 + Covgllfill1,0)7e 10110,

with Vg = Hngo,Qf + HgmHO,&Qm'

Proof. The result is a direct consequence of the inf-sup condition (3.11)) and the
first equation of (3.2)). In fact, it is easy to see that

B(v, (p, A
Bl Nle < sup 2 @A)
veH\{0} [v]a
_ sup —AF(lL V) - OF(Uf;Uf’Vf> + D(@,V)
veH\{0} ||V||H

IN

(Cap llulla + Cop lluellfg, + Corell0ll10)
< (Cap + CorCurgllOn]l1.0)Cuellfi 0 + Cp vg(Co + 1) |61 ]]1,0,

which implies the result. [

3.2.3 Uniqueness of solution

Having established existence and stability of problem (3.2]), under suitable as-
sumptions on data, now we address the uniqueness of solution. This is established
in the following theorem.

Theorem 3.2.11. Assume that the hypotheses of Lemma hold and let
(u, (p,A),0) = (u,(p,\), 00+ 6,) € Hx Q x H(Q) be a solution to (3.2)), with
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0, = Es(0p) € WH(Q) and 0, € HY(Q). Assume further that 6plg,, € W'(Qy)
and that

[(01 Vg + C3) Clite 262/ (1 4 0%)1% 4+ C3Chg 5(1 + 6 2) /2 10b]|3/4,4,0
+ Cs|00]1,4,0m + Cave < 1,

(3.55)

with vg = ||8tllo.0; + [|8mll0.3.0. and Ci, Co, Cs and Cy the positive constants given
in (3.60). Then the solution of problem (3.2)) is unique.

Proof. Let (u,(p,A),0) = (u,(p, A),00 +61) € H x Q x HY(Q) and (1, (p, A),0) =
(W, (P, A), 00 +61) € Hx Q% H'(2) be two solutions of problem ([3.2)). It follows
that (u,6y), (T, 0y) € V x Hy(2) are solutions of (3.26]), which implies

Ap(u —1,v) + Op(ug; ug, vi) — Op(Us; 0, vi) — D(0g — O, v) = 0,
AT(G(] - 507 w) + OT(ua 907 Q/}) - OT<E7 507 1/}) + OT(u - ﬁ? 817 w> - 07
for all v.€ V and for all ©p € ¥ 4. From the first equation of (3.56) we observe
that by adding and subtracting Or (ug; ug, ve), taking v = u — U, employing the

coercivity of Ag(-,-) + Op(u;-,-) (cf. (3.10)) , and the continuity of O and D, we
have

(3.56)

op |[u—alln < Collur — Tl [Telle, + Cp e 100 — Oolle. (3.57)

In turn, in the second equation of (3.56) we add and subtract OT(u;go_, 1), recall
the fact that 6p|q,., 0ola,, € W'"(Qn) € L®(Qy ) to deﬁne Y =0y—0) € Uy,
and then employ the coercivity of Ar(-,-) + Or(u;-,-) (cf. (3.17)) and estimate

, to get
ar |6y — bollre < Coy llu—1llu (||§o + 6110 + [|60 + 01]l1,4.00) - (3.58)
Then, summing up and - we arrive at
[l —ul[u + |60 — 50“1,9 <ap' [Cogllus — el [Tl + Cb g 160 — boll1.0]
+art [Cop lu—allu (160 + il + 160+ 61lha0.)]

and then, using the fact that [[T¢llio, < [l < Curgllbillie (cf. (3.36)) and
100 + 01|10, < (100 + O1ll1.0 < (Co + 1)[|01]l10 (cf. (3.40)), we obtain

[u =@l + (10 — boll10 < (Crvg + Co) |01 [[1.0llu — Tlle + Csllfo]l1,4.0, 10 — Tl

+ Cs|01]|1,4,00

u—Ullg + Ciyellbo — 50”1,97
(3.59)
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where

C, = a;l Cop Cu,
Cy:=ag' Cop (Cp+1),
Cs:=a;' Co,,
Cy:=ap 1 Ch.
In this way, recalling that estimates and imply

101]11,0 < Cug2 §34(1 4 62)1/2 10b]13/4,4,r;

(3.60)

and
16111140 < Cues (14 672)Y2||0p]|3/4.4r,

from (3.59) and (3.55) we readily obtain that u = W and 6, = ;. Now, for the
pressure and the Lagrange multiplier, from the inf-sup condition (3.11]) we have
that

Bl =pA=Mllq
B(.(p—7.A~ )

< sup
veH\{0} [Nl i

— sup —Ap(u -1, v) — Op(ug; uyg, vi) + Op(Ur; Tr, vi) + D (0 — 6o, v)
veH\{0} ”VHH )

which after simple computations implies that |[(p — P, A — Mllq <0, thus p =p
and A = A, which concludes the proof. O]

3.3 Galerkin scheme

In this section we introduce and analyze a finite element scheme to approximate
the solution of problem . We start by introducing the Galerkin scheme and
reviewing the discrete stability properties of the forms involved. As we shall see
next in the forthcoming sections, the analysis of the associated discrete scheme
is analogous to the analysis of the finite-dimensional problem , employed to
study the continuous problem .

3.3.1 Discrete problem

Let 7! and 7,™ be the respective regular triangulations of the domains 2y and
., formed by shape-regular triangles 7" in R? or tetrahedra in R? of diameter Ay
and denote by h¢ and h,, their corresponding mesh sizes. Assume that they match
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on X so that T, = 7;f U T," is a triangulation of  := Qy UX U ,,. Hereafter
h := max{h, hy, }.

Given an integer [ > 0, for each T' € T, we let P;(T") be the space of polynomials
functions on T of degree equal or less than I. Moreover, for each T' € T,f, we denote
by BR(T) the local Bernardi-Raugel space (see [111 [62]),

BR(T) := [Py(T)]* @ span{p; : 1 <i<d+1},

d+1
with p; = n; H nj, where {m,...,n4+1} are the baricentric coordinates of T
j=1j#i
{niy,...,n41} are the unit outward normals to the opposite faces of the corre-

sponding vertices of 7', and d € {2,3}. In turn, for each 7" € 7,™ we consider the
local Raviart—Thomas space of the lowest order (see [91])

RT(T) := [Po(T)]* @ Po(T)x,

where x := (x1,...,24)" is a generic vector of R%. Hence, we define the following
finite element subspaces:

H,(Q) := {ve € HY (%) : v¢lr € BR(T) VT € T},

Hy, () == {vm € H(div; Q) : V|7 € RTo(T) VT € T},

Lp(Q) :={q € L3(Q) : q|r € Po(T) VT €T},

Uy, = {y e HY(Q) : p|r € P1(T) VT € Tp},

Hy, r, () == Hy () N H, (Q),

Hyr, (Qm) == Hp(Qm) N Hr,, (div; Q),

Ly0(2) := L,(Q) NL&(),

o=V, NHH(Q).

It remains to introduce the finite element subspace for H'/2(X). To do that, let

us denote by ¥, the partition of X inherited from 7,f (or 7,@), formed by faces F
(edges in 2D and triangles in 3D) of diameter hp, define hy, := max{hp : F € ¥}
and consider the following subspace of L%(3):

oY) = {th 'Y = R: ¢ulp € Po(F), VF e zh}. (3.61)

To maintain clarity, we address the 2D case first, followed by the 3D case.

A subspace of H'/2(X) in 2D:

Let us assume, without loss of generality, that the number of edges of ¥, is
even. Then, we let Xy, be the partition of ¥ arising by joining pairs of adjacent
edges of ¥,. If the number of edges of ¥, is odd, we simply reduce it to the even
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case by adding one node to the discretization of the interface and locally modify
the triangulation to keep the mesh conformity and regularity. According to the
above, we define the following finite element subspace for H'/2(X)

M) = {6 € COUX) 1 &|p € PL(F) VF € Xy}

A subspace of H'/?(%) in 3D:
Let us now introduce an independent triangulation Y5 of X, by faces (triangles)
F of diameter hp, and define hy, := max{hp : F' € ¥;}. Then, we define

An(D) = {gh € COX): &lr € Pu(F) VFe zﬁ}. (3.62)
As we shall see next in the proof of Lemma [3.3.3] the discrete counterpart of

the inf-sup condition of the bilinear form B (cf. (3.11))) relies on the following
inf-sup condition for the pair of subspaces (9, (%), An(X)):

sup (On,En)s > 52”5;1”1/272 VE, € Ap(X), (3.63)
o £ 0 2) Pnll-1/2.5

with Oy > 0, independent of h. In [58, Lemma 5.2|, it has been established that
if d = 2, estimate is satisfied without additional assumptions. However, for
the 3D case, it can be shown that if ¥, is quasi-uniform and the pair (hg,ﬁz)
satisfies

hs < Cohs, with Cp € (0,1), (3.64)

(the existence of such a Cj is detailed in the second part of the proof of [55]
Lemma 7.5]), then estimate holds. It’s worth noting that this constraint on
the mesh size explains the need of introducing the independent partition 37 of X
for the case d = 3. According to this, from now on we assume that for the 3D
case, Y, is quasi-uniform and estimate holds.

Now, we let I, : C°(Q) — ¥, be the well-known Lagrange interpolation oper-
ator and recall that, under the assumption fp € W344(T") and for a given § > 0,
Es(6p) belongs to Wh(€2) C C°(Q) (cf. (L.6)). For a fixed § > 0 (to be specified
below), we define the following approximation to fp:

00, = 1n(Es(0p))|r € {¢pn € COT) : ¢hpplp € Py(F) for all F € &r},  (3.65)

where &r stands for the set of edges/faces on T

Let us observe that since €2 is a polyhedral domain, €25 is also a polyhedron
that can be discretized by shaped-regular elements. According to this, for the
forthcoming analysis we let 7,° be a triangulation of {25 and assume that 7,2 C Ty,.



A conforming finite element method for a nonisothermal fluid-membrane
interaction 57

In this way, defining the global spaces
Hh = HhIf(Qf) X Hh,Fm(Qm) and Qh = Lh,O(Q) X Ah(E),

the Galerkin scheme associated to (3.2) reads:
Find u, := (uh7f, uh,m) € Hh, (ph, )\h) € Qh and 0}, € \I/h, such that 9h|l‘ = 49%7,1,
and

AF(uhyvh) + O%(uh,f;uhi,vhi) + B(Vh, (phv)\h)) — D(Qh’vh) = 0,
B(up, (gn, &) = 0, (3.66)
A (O, ¥n) + Of(up; Op,90n) = 0,

for all v, € Hy, for all (¢5,&,) € Qp and for all ¢, € Uy, where A, B, D, and
Ar are the form defined in Section 3.2.1) while O% and O are the skew-symmetric
convection forms (see [99]), defined by

1, .
O{;(Wf; ug, vi) = ((we- V)ug, ve)a, + 3 (div wg, ug - ve)gy,

for all w¢, ug, vi € Hyr, (€2), and

1
O’}Il‘(waea,lvb) = (Wf ' veﬂ/’)ﬂf + (Wm : v0,¢)erl + 5 (divwf70¢)9f7

for all w = (w¢, wy,) € Hy, and for all 6,1 € ;. The motivation for this choice is
given later on in Remark

3.3.2 Existence of solution of the discrete scheme

In what follows we prove that the discrete problem has at least one solu-
tion under suitable assumptions on the data. We begin the discussion by establish-
ing the stability properties of the forms involved restricted to the corresponding
discrete spaces.

Discrete stability properties

We begin by observing that the forms Ag, B, D, and At are continuous with

the same constants described in Section (see (3.4)-(3.6)). In turn, by using
the Sobolev inequality (1.7]) with p = 4, it is easy to see that

OB (we; ug, ve)| < Cog [Willuay a0 Vel (3.67)

for all wy, ug, vi € Hy, 1, (€) with 60F = Cgobﬂf (1 + ‘/7&) Furthermore, we

observe that integrating by parts, there holds

1
Oﬁ(wf; Vf,Vf) = 5 <Wf - n, |Vf|2>Z Vwe, vy € Hh,rf(Qf).
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Now, let V}, be the discrete kernel of B, that is
Vii={veH,: B(v,(¢.8) =0 V(g€ Q). (3.68)
Similarly to the continuous case, v = (v¢, vi,) € V, if and only if
(q,divve)a, + (¢, divvy)a, = 0 Vg€ Lno(Q),

and

(vi-n—vy -0y =0 VEE D),
which imply that
(divve,q)o, = 0 VgeLp() and divv, =0 in Qp,
where L, () is the set of functions of Ly () restricted to €, more precisely,
Lin(Q) :={q € L2(%) : qlr € Po(T) VT € T}

According to the above, we observe that the discrete kernel (3.68) can be

written as

Vh = {V = (Vf,Vm) < V}Lf X Vh,m . <Vf ‘N — Vy - n, §>E =0 V§ - Ah(Z)},
(3.69)

where
Vh7f = {Vf € th‘f(Qf) : (q, div Vf)Qf =0 Vq S Lh(Qf)},
Vim = {vm € Hpr, () :divvy, =0 in Q).

Remark 3.3.1. We observe here that if v := (v¢, vin) € Vy,, then vy is not nec-
essarily divergence-free, which motivates the introduction of the convective forms

Ok and Oh.

Let us observe now that the forms ap¢, ar m, and Ar, are elliptic with the same
constants of the continuous case (see (3.8]) and (3.16))), that is,

ap (Ve Vi) > 2pag HVfH%,Qf Vve € Hyr, (),
aF.m(Vin, Vi) > Ok ||[Vin |G, VvV € Vi, (3.70)
Ap(,¥) > ar|l¥li g Vi € Upp.

In particular, using the ellipticity of ap¢ and ap,, one can deduce that the form
Ap(-,-) + Ok(wy; -, +), is elliptic on V), for suitable w; € Hy, 1, (Q). More precisely,
we have the following discrete version of Lemma [3.2.1} For its proof we refer the
reader to [45, Lemma 10].
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Lemma 3.3.1. Let wy € Hy, 1, (S2), be such that

2o
[we-nfloy < —5=5—
Ctzl" Cgob,z
There holds

AF(V,V) -+ O{;(Wf;Vf,Vf) > ap HVH%_I Vv e Vh.

Now we establish some useful properties of O%, similar to the ones provided in

Lemma [3.2.2

Lemma 3.3.2. If w € V, is given, then the following identities hold

Oh(w;0.9) = — Oh(w;),0), (3.71a)
0%(w:8,0)] < CorIwlallle (16loss: + 8o, (3.71b)
0%(w:8,9)] < Coz Wl 190 (I0ll.0, + 16llo.cc) - (3.71¢)

for all 0, ¢ € Wy, o where 60% = Csob,0; (1 + @) and 50% = Cisp.a; (1 + \/TE>

Proof. Given w € V,,, we recall that divw,, = 0 in €. Then, integrating

by parts one can easily obtain (3.71a)). In turn, using (3.71a) and proceeding
analogously to the proof of estimate (3.13al), it is easy to deduce (3.71b)). Finally,
by combining (3.71b]) and ([1.7)), we obtain (3.71c]). ]

Observe that, similarly to the continuous case, by combining (3.71a)) and the
third estimate in (3.70)), for a given w € V,, it is possible to obtain

Ar(, ) + Op(wi, ) > ar [¢)lg Vi € Wy, (3.72)
We conclude this section by establishing the discrete counterpart of (3.11)).

Lemma 3.3.3. Given h = max{hs, hy,} > 0, let H}, and Qy, be the discrete space
introduced in Section and, in particular for the three-dimensional case, as-
sume that the meshes ¥, and X5 satisfy (3.64)) and that Xy, is quasi-uniform. Then,

there exist hg > 0 and 8 > 0, independent of h, such that for any hy, < hg, there

holds:
sup B(v,(¢;6))

veH,\{0} ||V||H

> Bl(@.lq V(g€ € Qn (3.73)
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Proof. We begin by observing that the proof of for the 2D case, can be
found in [45, Lemma 9|, which is based on the proof of [56, Lemma 4.3]. Now,
for the 3D case, we let (¢,&) € Qy, and recall from [90, Theorem 4.1.9] that there
exists a discrete lifting Ly, : ®,(3) — Hp,(Qu), such that for all ¢, € & (X), there
hold

1Ln(0n)laiviom < clldnll-1jox and Lp(¢n) -n=¢n on . (3.74)

Then, for a given ¢, € ®,(X), we proceed analogously to the proof of [45, Lemma
7] and let v := (0, L, (¢p)), to deduce that

p BE0.9) | |BE(2.0)
B ¥l

| (Ln(¢n) -1, 8§) 5 + (div(Ln(n)), o |

— 3.75
10 (6m) [ (3.75)

l | <¢h7£>2 | . ||q||0Q

Cx |’¢h||—1/2,2 ’
Then, noticing that ¢y, is arbitrary, from (3.63|) we obtain
B(v,(q,¢
sup BBO) 5 e s — gl (3.76)
veH,\{0} [Vl

with ¢; > 0, independent of A.

Now, let us recall that the Bernardi-Raugel and Raviart-Thomas interpolation
operators, denoted respectively by IT; : HY(Q¢) — H(Q¢) and I1,, : HY(Q,) —
H;, () (see [II] and [62]), satisfy

/H*(V*)-n = /V*-n for each face F of 7;* and Vv, € H'(Q,), (3.77)
F P

and
/ q div(IL(vy)) :/ qdivv, Vg € Ly(Q) and Vv, € HY(Q,), (3.78)

with » € {f, m} and that II,, satisfies the approximation property (see [52, Lemma
3.19] and [69, Theorem 3.16]):

[Vin = (Vin)llo.0 < Chiy {Vinle .0 + [[div villo.on} (3.79)

m —

for all vy, € H*(Qy,) NH(div;€2,), Ve € (0,1). We also recall that using a duality
argument, it can be proved that the L?-orthogonal projection Py : L?(X) — ®5,(X)

satisfies
|2 = Ps(2)]|_1/252 < CR||zlox VzeLAD). (3.80)
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Then, proceeding analogously to the proof of |45, Lemma 8| and [56, Lemma 4.2],
we let z € H{(Q2) be such that

divz=—¢ in Q and [z]i0<C|qlloa (3.81)
let ¢ € H'"¢(Qy,), with e € [0, T), be the unique solution of the variational problem
Do (I¢(zf) — Uy (2m)) -n on %
—Ap=0 in Q, — = ) / v =0,
om0 on Ty o
where w is the largest interior angle of €2,,,, and define
wi = I (z), Wy = 1 (2) + T (V)

where z, = z|q,, for x € {f,m}. Then, we apply (3.77)—(3.81), the boundedness
of II, and the trace inequality, to obtain

(divwe, ¢, + (divwa, 9o, = —llalge, (W, W)l < Cllalloo,  (3.82)
and
(Wi n—wy -0,y | < [Te(ze) -1 — Pe(Ile(ze) - n)[|-1/2,5[1€ 1725
< chul || (ze) .ol 2. (3.83)
< Chid’llalloslléllyzs.
Thus, by applying and we deduce that

qup BV (@) o Blwe W), (0.9))]

> > colgllog — eshi? (1€l o, (3.84)
vervor VIl 1(we, W) 12 /

with co, c3 > 0 independent of h.
In this way, combining (3.76)) and (3.84]) and proceeding analogously to the
2
proof of [45] Lemma 9|, we obtain that for any hy,, < hg, with hy = (m) , the

2c3

inf-sup condition (3.73) holds. O

The discrete lifting

For the sake of the subsequent analysis, and analogously to the continuous case,
given 6 > 0 now we introduce the discrete extension operator Es, : W3/ LUT) — Ty,
given by Es; = I[,Es, where Es is the extension operator defined in (3.21]) and
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I, is the Lagrange interpolation operator. Then, it is clear from that there
holds
00, = Esn(6p)|r. (3.85)
In what follows we derive some useful estimates for the operator E;; that will
allow us to prove existence and stability of solution of problem . To that end
we first recall that the Lagrange operator I, satisfies the following approximation
property (see, eg. [47, Theorem 1.103]): Given p > d, 1 € {0,1}, 0 <m <[ +1
and T € Ty, there holds

14 (¥) = Ylmpr < chf " Pliprpr Vo € WHP(T), (3.86)
In addition, we recall the following inverse inequality (see [47, Lemma 1.138]):

m—I+d(:-1)
lVnllipr < Chp 7 |\ Unllmgr  Von € Uy, (3.87)

forany T'€ 75,1 > 0,0 <m <land p,g > 1.
Finally, for all v € Wh4(Q) C C°(Q), it is easy to see that

1Th (0)][o,00 < (d+ D[Y]lo,cor VT E T (3.88)
Lemma 3.3.4. The following estimates hold:
1Esn(Ollose < Cuna 62 (h6™ 1+ h+1) 1€ll3/4,4,0 (3.89a)
1Esn(Ollie < Ciite2 672+ 67 IClls/aars (3.89b)
[Esn (oo < (d+ DIEC)[l0,00,05 (3-89¢c)

forall ¢ € W3/4’4(F), where a]ift’l, 611&72 > 0 are constants indepedent of h and 9.

Proof. Given ¢ € W3/44(T"), we first use estimate (3.86) and recall that E; = 55E
(cf. (3.21))), to obtain

[Esn(Ollose = [Tn(Es(O)llosa < [Mh(Es(C) — Es(Ollosa + [1Es(Ollos0
< ch[Es(Qliza + [[Es(Ollose

< ch([(VBs)E(O) los.0s + 185 VE(Q llos.05) + [[Es(C)lo.s.0-
(3.90)
Now, for the first term in the above inequality Hoélder’s inequality we have

I(VBEO 50, = / VB PE(C) P
< 11985 llo.acas IE(O) Plloassn
— V55 120, [E() [
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Then, we recall that 35 (cf. (3.19)) satisfies |[V3s] = 6t a.ein {x € Qs : § <
dist(x,T") < 2§} and Vs vanishes elsewhere, to obtain

I(VB)E o0, < 671! IEC) llo.40-

Similarly, using again Holder’s inequality and the fact that s < 1, we have

1B VEO 55,05 < 185 llo.ags IIVE(Q)Plloasse < 126 IVE)S 40,

which implies
185VE(Q losas < 12 2[EQ)]1 4. (3.91)

In this way, combining (3.90)—(3.91)), applying (3.23a)) and employing (3.18)) and
the fact that |Qs| ~ J, we readily obtain ([3.89al).

To derive (3.89b)) we first recall that 7,° C 7T, make use the fact that E;(¢) = 0
in 2\Qs and employ estimate (3.87)), to obtain

Esn(Qlla =IEQ)Fa, = D M(E(O))] s

TeT?
1/2

< ST RPILEOEar < | Y pE ] IWESO) I 4g,.

TeT? TeT?

which combined with the fact that h% ~ |T| and estimate (3.86) with p = 4,
implies

Esn(Qle < ClQsIMTh(Es(C)) 11,405

< OOVH(|ITh(Es(Q)) — Es(Olhass + [Es(Qlla0;)
Cy8 VA Es(O)1ags + Ca0 M |Es(O)|l1.4.05
SYCIES(O) 11,05

Then, using again that 85 < 11in Qs, |[VBs] =6 ' aein {x € Qs : 6 < dist(x,T) <
20} and V35 vanishes elsewhere, there holds

1Es(Oll1a0s = IBsE(C) 14,04
< IBSE(O a5 + 185 VE(O llo,a05 + [1(VB5)E(C) [[o,.4.05
< 2+ 0 HIEQ)14.0,

which together with (3.92)) and (3.18)), imply ([3.89b)).

(3.92)

IA

IA
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Finally, for (3.89¢]) we first notice that, since 7,2 C T, and Es(¢) = 0 in Q\Qs,
then

1Es1(C)llo.coe = [Tn(Es(C))llo.co.05 = [Tn(B5E(C)) ll0,00.05-

Then, employing the second property of f5 in (3.20) and using the fact that 55sE(()
is continuous, from the identity above we readily obtain (3.89¢)).
O

Main result

Similarly to the continuous case, let us fix § > 0 (to be specified below in
Theorem and decompose the discrete temperature 0 as 60, = 0,0 + Op1,
with 0,1 = Esp(0pn) € ¥y, and 6,9 = 05, — 0,1 € Vp, o and analogously to the
analysis of the continuous problem we introduce the reduced version of problem
(3.66) which reads:

Find (uh, 9}170) €V, X \Ifh’o such that

Ap(uy, v) + OR(upg;aps, vi) — D(Oho,v) = D(Oh1,v),
Ar(0h0,0) + O%(up; Oho + 0n1,0) = — Ap(0h1,),

for all v € V), and forall ¢ € W}, 5, where V, is the discrete kernel of B defined in
(13.69).

Using the discrete inf-sup condition (3.73)) and analogously to the continuous
case we readily obtain that both problems (3.66) and (3.93) are equivalent. This
result is established next.

(3.93)

Lemma 3.3.5. Given h = max{hs, hy,} > 0, let Hy, and Qy, be the discrete space
introduced in Section and, in particular for the three-dimensional case, as-
sume that the meshes ¥y, and X5 satisfy and that ¥y, is quasi-uniform. In
addition, let hg > 0 be the fized constant provided by Lemma |53.5.5, and assume
that hy, < hg, so that inf-sup condition holds true. If (up, (pn, An),0n) €
H),, x Q, x ¥y, is a solution of , then uy, € Vi, and (up, 0n0) = (Up, 0, —0p.1)
1s a solution to . Conversely, if (ap,0n0) € Vi, X Y, is a solution of ,
then there exists (pn, An) € Qn, such that (up, (pn, An), ) = (Un, (Ph, M), Ono+0h1)

is a solution to (3.66)).

Notice that since (3.93) is a finite-dimensional problem, we can use the same
strategy employed in Section to analyze problem (3.27). To that end, let us

now define the compact and convex set

w S Cu gf ,Q + gm s 7Qm 6 , 7Q’
xh:z{m,@evhww; Iwlhs < Culllgdlos, + ligaloson 1l |

and [[¢|lio < CollOnill0
(3.94)
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with Cy and Cy defined in (3.28) and (3.29)), respectively, and the operator 7, :
Xh — Vh X ‘Ifhp given by

Th(w, ¢) = (up,0h0) V(w,¢) € Xy,

where (uy, 0p) is the solution of the linearized version of problem ((3.93)):
Find (up, o) € Vi x ¥, o such that

Ap(up, v) + Of(weapg, vi) = D(¢,v) + D(0h1,Vv) Vv eV,
Ar(On0,0) + OMW;Oh0,9) = —Ar(On1, ) — Ok(W;0h1,¢) Vb € Wy,

Now we state the main result of this section.

Theorem 3.3.6. Given h = max{hg, h,} > 0, let Hy, and Qp be the discrete
space introduced in Section[3.53.1) and, in particular for the three-dimensional case,
assume that the meshes Xy and Y5 satisfy and that Xy, is quasi-uniform. In
addition, let hg > 0 be the fized constant provided by Lemma |3.53.5, and assume
that h < min{hg, 0}, with § > 0 satisfying

~

CDCOl ~ 1
~ (llgtlloqr + l1gmllos0m)Clirea 612 (2 4 6) |0p [ls/aar < 5. (3.95)
QpQT 4
Let 6y,1 = Es(0p) € Uy, be such that
Cp ao% 1
m 0 o < =, 3.96
229 (lgglos + lgmloson) Inalloa < § (3.96)
and assume further that p € W344(T) satisfies
~ 2ua
Cu (llgtlloy + lgmllosn) Curna 6742+ 674 1pllsjsar < =g (3.97)

3,2
Cx CSob,E

Then, there exists at least one (un, (Pr, An), 0n) € Hy, X Qp X Uy, solution to ([3.66]).
Moreover, there exists C' > 0, independent of h, such that

lwp e+ (rs M) lo+H10rlle < C (lgellogr + l18mllosen + 10plls/aar) - (3.98)

Proof. First, let us observe that assumption A < min{hg,d} implies that estimate
(3.89a)), with ¢ = 0p, becomes

16n1 01030 = 1Esn(Op)llose < Ciiea 812+ 6) [|0plls/aar-

Then, for a given (w, ¢) = ((W¢, W), ¢) € X, analogously to the proof of Lemma
we make use of assumptions (3.95)), (3.96)), (3.97) and the aforementioned
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inequality to deduce that there exists a unique (u,8) € X;,, such that J,(w, ¢) =
(u,0), thus 7, is well-defined and satisfies J,(X;) € X,,. In addition, using the
same arguments employed in the proof of Lemma [3.2.7, we can deduce that J,
is continuous. According to the above, and analogously to the proof of Theorem
m, we employ Theoremto obtain that there exists (uy, 00) € X}, such that
holds, which together with Lemma [3.3.5] implies that there exists (pj, \n) €
Qh; such that (11}17 (ph, >\h)7 Qh) = (uh, (ph, /\h), ‘gh,O + gh,l) is a solution to 366
Finally, using the fact that (uy,8,0) € X, and proceeding analogously to the

proof of Corollary [3.2.10| we easily deduce that (up, (pn, An),0n) satisfies (3.98]),
which concludes the proof. O]

Remark 3.3.2. Observe that, owing to (3.89c) and similarly to Remark
assumption (3.96) becomes

(d+1)Cp Cpy 1

= m E 00 < R
P (lgtllogr + llgmllosem IECos.0s < 5

and again one could take an small enough ¢ in such a way ||E(0p)|occ0s; =~
10p]l0,0ors and simply assume that

(d+1)Cp Con 1
“ (lgelloor + llgmllos.em) 100llocor < -

W

ap O

3.4 Error analysis

In this section we address the error analysis and provide the theoretical rate
of convergence for the Galerkin scheme . We begin with some notations and
preliminary results.

Let us assume that the hypotheses of Theorem [3.2.11]hold and let (u, (p, A), 0) =
(u,(p,A), 60 + 61) € H x Q x H(Q) be a solution to (3.2)), with §; = Es(fp) €
WH4(Q) and 6y € HL(Q2). In addition, we assume that the hypotheses of Theorem
m and let (11;17 (ph,/\h),éh) = (uh, (ph,)\h),ehp + ‘9]171) S Hh X Qh X \I/h be a
solution to (3.66|), with 6,1 = Es,(0p) € U}, and 0,9 € Wp 0. Then to simplify the
subsequent analysis, we write

€y = Ur — Uy, €u, — Um — Upm, ep =P — DPh;
(3.99)
e,\:)\—/\h, e9:8—9h.
We decompose these errors as
€u; = Ou; + Xugs €u, = Ou, + Xum €p = 0Op + Xp>
(3.100)

ex = 0x + Xx, €9 = 09 + Xo,
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with R R
Ou; = Uf — Vy 1, Xus = Vi r — Upf,
Ou,, = Uy — vh,m, Xum = Qh,m — Upm,
0 =P — G, Xp = Qb — Ph; (3.101)
or =\ — &, Xa =& — M,
00 = 0 — Uy, Xo = Un — O,

where Vi, = (Vit, Vim) € Vp, (th,Eh) € Qun, and @h € U}. Here, U} is the set of
functions in W, that coincide with 67, , (cf. (3.85)) on I, that is

U o= {Yn € ¥y, @ Yplr = 9]53,h}'

Finally, we let

€u = (eup eum)’ Ou = (Quf’ Qum) and Xy = (XUf? Xum)-

Let us recall that, since the inf-sup condition (3.73)) holds, it is possible to prove
that there exists ¢ > 0, independent of h, such that (see for instance [52, Theorem
2.6])

inf [lu— < c inf [Ju— vy 3.102
Jnf flu—wille < ¢ inf flu—viu (3.102)

Now we provide some useful properties of the convective terms that will allow
us to derive the desired error estimates.

Lemma 3.4.1. Let u = (us,uy,) € V and 0 € H'(Q). The following identities
hold

Oh(ug;up, ve) = Op(ug; ug, vi) Vvi € Hyr, (),
(3.103)
Ob(u;0,¢) = Or(u;0,7) Vip € Uy,

In addition, for any w, € Hy, and 0 € HY(Q), such that 0]g, € WY(Qy,), there
holds

(O (wn: 0,9)| < Cog llanlln (10l + 101a0.) 1l Vi € Tno,  (3.104)

where 60% 18 a positive constant independent of h.

Proof. Given u = (ug,u,,) € V and 6 € H'(Q), it is clear that divu, = 0 in Q, for
* € {f, m}, which readily implies (3.103). On the other hand, given u, € H;, and
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employing the Holder inequality (1.1)), we have that for all 1) € W, o, there holds

0% (wp; 0,0)| < |(upg- VO, o] + [(Wpm - VO, ¥)q,

< langlloae: 1010 [1P]loaor + [[Uhml

1, .
+ §|(d1V uy g, 01)q, |

divi [10]11,4,00 1% ]]0,4,00

1, .
+ §||<fllV Wt |0, 101 0,40 [|¥]] 0,4, -

Then, applying the Sobolev inequality (1.7)) to ||untllo4.0c [|0]0.4.0:, [%]0.4,0, and
19]10,4.0, We easily deduce (3.104]). ]

The following preliminary estimate is an intermediate step to obtain the desired
convergence result.

Lemma 3.4.2. Let us assume that the hypotheses of Theorem|3.2.11| hold and let
(u, (p,A),0) = (u, (p,\),0p+01) € Hx QxHY(Q) be a solution to (3.2), with 6; =
Es(6p) € WHH(Q) and 0, € H{(Q). In addition, we assume that the hypotheses of

Theorem and let (uh, (ph, >\h)7 Gh) = (uh, (ph, >\h)7 Hh,O + 9h71) S Hh X Qh X ‘I/h
be a solution to (3.66)), with 0,1 = Esp(0p) € ¥y, and Op9 € Vyo. Finally, let
Ve = |lgtllo0s + |8mllos.a. and assume that 0|g,, € W4 (Qy,) holds. There hold

ar [xullu < Cop Ixullior [l + Co g lIxallie + Li, (3.105)

ar [[xolle < Cos Ixulla (101110 + 10]l140.) + Lo, (3.106)

and

Bll(xp X2)lla < Caplleullr + Cop llew 1.0 [lul1.0,
(3.107)

+ Cop llungllocllewll1o + Cpgllesllo + [1(ep ex)

where Ly and Lo are defined later in (3.109) and (3.110) which depend on the
solutions u, uy, and 6.

Proof. Using the definition of the errors given in (3.99), employing (3.103) and
subtracting (3.2)) and (3.66)), we readily obtain

Ap (e, V) + [Ok(ug; ug, vi) — OR(up 5 upg, vi)| — D(eg, v) + B(v, (0p,01)) = 0,
B(elh (qvé-)) = 07
AT (eg, @Z’) + [O’}IL‘(uv 97 d}) - O’}f(uha 9/17 1/})] = Oa
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for all v € Vi, (¢,§) € Qp and ¢ € V¥p,o. Then, adding and subtracting suitable
terms and employing the decompositions ((3.100)) and (3.101)), the first equation in

(3.108]) can be rewritten as

Ar(Xu, V) + Of(Wht; Xugs Vi) = —OR(Xug; tt, Vi) + D(X0, V) — Ap(0u, V)

— Ok (Wt Ougs Vi) — Or(0ug; ut, i) + D(0g,v) — B(v, (0p, 01)),

for all v € V. In particular, for v = xy, employing the ellipticity of the bilinear

form Agp(-,-) + Ok(uyy; -, +), and the continuity of Ap, Ok, and D (cf. (3.4)), (3.67)
and (3.6)), respectively), we obtain (3.105) where

Ll = CAF HQUHH + COF (Huh,le,Qf + Huf”l,Qf) HQUfHLQf (3109)

+Cp g llosll1.e + Cll(gp, 01)la-
On the other hand, from the third equation of (3.108|), after a simple compu-

tations it can be obtained the identity

At(xo,¥) + Oh(up; x0,¥) = — Ar(00,%) — Of(0u; 0, 7)

- O'}li(xll? 87 ¢) - O'}f(uha 09, Q/J)v
for all ¢ € W;,. Then, noticing that yy € ¥jo, we take 1) = xp in the latter
identity, employ the ellipticity of the bilinear form Ar(-,-)+O%(uy; -, -) (cf. (3.72)),
the continuity of Ar (cf. (3.5))), and (3.104)), to obtain (3.106)) with

Ly == Cay lloollie + Cozlleulln (10l + 10]l140.)
(3.110)

+Cos [[anlla ([[ooll1.0, + lloall1,00.)-

Now, to estimate X, and x we observe that from the discrete inf-sup condition

(3-73)), there holds

3 B
Bllogmxle < sup S 0wx))

veH,\{0} v |lex
B(v, (e, e B(v, —(0p,
< sp Z0Ee)) o Bvi—(9,0)) (3.111)
vEH,\ {0} ( H‘(’HH : vEH,\ {0} [vIa
B(v,(e,, e\
< sup ——— 4 [[(0ps00)la-
veH,\{0} INlF%

In turn, from the first equations of (3.108)), adding and subtracting suitable terms,
we obtain

B(V7 (e]he)\)) = —[AF(eu,V) + Og(uf;ufavf) - O{Il‘<uh,f;uh,fuvf) - D(ee7v>]

= —[Ar(eq, V) + Op(ey;us, vi) + Ok(uy s e, vi) — D(eg, V)],
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for all v.€ Hy,. Then, utilizing the last identity, from (3.111]) and the continuity
of the forms involved, we obtain

BlIOw il < Capllealln + Copllewllradllurllio, + Copllungllorllewllo
+Cpglleallro + [, o3l

]

Now we are in position of establishing the Cea’s estimate for the Galerkin
scheme. This is established next.

Theorem 3.4.3. Let us assume that the hypotheses of Lemma[3.4.9 hold and let
(u, (p,A),0) = ((ug,um), (p, \), 0o+ 61) € Hx Q x HY(Q) be the unique solution of
(13-2) and (upn, (Prs An), 0n) = ((Uns, Wnm), (Phs An)s Ono +0n1) € Hy x Qp X Wy, be a
solution to (3.66). Finally, let vg = ||8¢llo.0; + ||8mll03.0., and assume further that

1
C1gd 24 (14 6%)210bls/aar + Covgllfll1a0m < = (3.112)

N}

with Cy ,Cy > 0, independent of h, 6, vg and Op. There exists C > 0, independent
of the aforementioned datum, such that

leull + [[(ep; ex)llq + llesll1a < C{ inf - lug = vagllo

vh,t€EHp 1 ()

+ inf Uy — Vimlldiv-o, +  inf —
I wllaivon, +  0f P =anloo(3.113)

Vih,m€Hp,rp, (Qm)

+ inf fJA - + inf (|6 — + 1160 — ‘
LA =&l it (10— dalia + | ¢h||1,4,9m)}

Proof. Let us first recall that from (3.36)), (3.40) and (3.23b) with { = 0p, the

following estimates hold
ug]l1.0, < CuvgClina 6241 + 6%)1/2 10b][3/4,4,r5
10]l1,0; < (Co+ 1)Clige2 073*(1 + 62)/2 ||0p]|3 /4,4,
Then, combining , , and , we obtain

Ixullir < (Crrgd ™ (1 4+ 6%)210pls/0ar + CorgllOllrag.) lIxalle

(3.114)

+aplap'Cpygla + ap'Ly,
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Cy == ap ' Ci2 (aOFCu + aElopéoé}(Ce + 1)) and Oy := aﬁlc)‘ElODaO%v
which together with , implies that
Ixullz < 205 a7 CpygLa + 205 Ly (3.115)

Now, to estimate L; and Ly we recall that (up,8h0) € X;, (cf. (3.94)) which yields
lunelli0 < lunlla < Cuvellfnillio, which combined with (3.89b)), implies

lunsllio < ||unlla < Cquanftg 51/4(2 +671 10p][3/4,4,r- (3.116)
Then, from the latter, the definition of L; and Ls, we get

Ly < er(leallm + [losllre + [1(2p, 03)llQ) (3.117)
Ly < o (Jleollia + lleollacm + llulln) (3.118)

with ¢, co being positive constants independent of h. In this way, using (3.115]),
(3.117), (3.118)) and the fact that Wh*(Q,,) is continuously embedded in H*(£2,),
which implies ||og|l1.0 < c(||ooll1.0, + lloll1,4.0. ), We readily obtain

Ixulln < ¢ (lealln + lloollor + lleolhann) + call(en, 03)lla (3.119)

with c¢3, ¢4 > 0, independent of h.
Now, to estimate ||xg|1.o we simply substitute (3.119) in (3.106) and employ

(3.112), the second estimate in (3.114]) and (3.118|), to obtain

Ixollne < ¢ (leullm + lloslliar + lleolliaon + ll(en ex)lla) (3.120)

with ¢5 > 0, independent of h.
According to the above, from (3.100]), (3.119)), (3.120)), the triangle inequality,

the fact that Vi, = (Vig, Vi) € Vi, (@h, &n) € Qu, and ¢y, € U} are arbitrary and

(13.102)), we obtain

lealln + lleallio < 06{ inf [lup — vl
vh,t€EHp 1 ()

+ inf [Wn = Vamlldivie. +  0flp—anlloo
qrh€Ln,0(R)

Vi,m€Hp 1y, (Qm

+ inf [[A— + inf (|0 — + |0 — ,
A IA =Gl i (10—l + 10 = Ynlas)

hEAR

(3.121)
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with cg > 0, independent of h.

Finally, and similarly to the above, from (3.107), the first inequality in (3.114),
(3.116), (3.121) and the triangle inequality, we deduce that there exists ¢; > 0,
independent of h, such that

< inf _
el = 07{ Vh,fGPIII}L,Ff(Qf) lue =vala
t inf Uy —V v, +  inf -
vimCHen () W = Vi [|diviou w0 2 — anlloq

+ inf ||IA— + inf (||6 — + |6 — ,
5heAh(Z)H Enlliyzs o (116 = ¥nll0 + | 1/)h||1,4,9m)}

which together with (3.121]) implies (3.113) and concludes the proof. n

We conclude this section by deriving the theoretical rate of convergence for the
Galerkin scheme . To that end we recall that the discrete spaces satisfy the
following approximation properties (see [111 [I8], 47, 52]):

(AP}") For each vy € H?(Q¢) N Hy (), there exists vy, € Hyr,(Q), such
that

[ve = Villne, < Chlvell20-

(AP}™) For each v, € H'(Qy,) N Hr, (div; Qy), with div vy, € H'(Qy,), there
exists v m € Hpr,, (2m), such that

Ve = Vi laivien < Ch {[[Vallon + divvi|lie.} -
(AP?) For each ¢ € H'(Q2) N LE(Q), there exists g, € Ly o(Q2) such that
lg = anlloo < Chllglie.
(AP}) For each ¢ € W3/22(%), there exists &, € A,(X) such that
1€ = Enlljzs < ChElls/2s:

(AI;Z) For each ¢ € H?(Q), with ¢|r = 0p and ¥|q,, € W>4(Q,,), there exists
Y, € U, such that

1V — nllie + 10— Unllia0. < CR{[[Y]20 + [¥]|2400 )

Using this approximation properties we obtain the following result.
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Theorem 3.4.4. Assume the same hypotheses in Theorem [3.4.3 hold, let
(u,(p,A),0) = ((us,um), (p, \), 0o+ 61) € Hx Q x HY(Q) be the unique solution of
" and (uh, (ph, )\h),éh) = ((uh7f,11h7m), (ph, /\h), 9}1,0 + 0}1,1) e H, x Qn x Uy, be
a solution to (3.66). Assume further that uy € H?(Q), uy € HY(Qy), divuy, €
HY(Q), p € HY(Q), A € H¥2(X), 0o, € HX(), and 0|q,, € W>4(Qu). Then,
there exists Crqe > 0, independent of h and the continuous and discrete solutions,
such that

leall + [[(ep,ex)llq + lleollie < Crareh {llusl20;

Hlplhe + 1Mz + 10120 + [10ll240. -

Proof. The result is a direct consequence of Theorem [3.4.3 and the approximation
properties (AP), (AP}™), (APY), (AP;) and (APY). O

3.5 Numerical results

In this section we restrict ourselves to the 2D case and present some numerical
results illustrating the performance of our finite element scheme on a set
of quasi-uniform triangulations of the corresponding domains and considering the
finite element spaces introduced in Section [3.3] Our implementation is based on
a FreeFem++ code [68], in conjunction with the direct linear solver UMFPACK
[41]. In order to solve the nonlinear problem, we propose the Newton-type strategy:
Starting with the initial guess u® = (u?,u®) € Hy, and 0° € ¥, for n > 1, find
u” € Hy, (p", \") € Qu, and 0™ € ¥y, such that 0y|r = 9]‘537}1 and

Ap(u™, v) + Oh(uf = up, vi) + Op(up;uf ™, vy)
+B(v, (p", X)) = D(0",v) = Op(uf~uf™, vy),
B(u",(¢,€)) = 0,
)

Ap(0™,4) + Oh(u" 1507, ¢) + Og(u™ 0771 ) = Op(u~10" 1 ),
for all v = (v¢, vin) € Hy, (¢,€) € Qp, and ¢ € Uy,.

We note here that 9]537h coincides with the nodal interpolation of 6p on I'.
Therefore, in practice, there is no need to construct the operator E;sj for the
computational implementation of the method.

The iterations are terminated once the relative error of the entire coefficient
vectors between two consecutive iterates is sufficiently small, that is

n+1 n
- l
||coeff coeff”||;2
|coeff™ |2

< tol,
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where || - ||;2 stands for the usual euclidean norm in R%f with dof denoting the
total number of degrees of freedom defining the finite element subspaces Hy(£2¢),
H; (), La(Q), Ap(X2), and Uy, and tol is a fixed tolerance. For each example
shown below we simply take u’ = 0 and 6° = 0 as initial guess and tol = le — 6.

Now, we introduce some additional notations. We denote by hy := max{hp :
F € Y9,}. As in Section the individual errors for each variable are denoted by
€uss €un, €1, € and ey and let e, = e,|q,, eg, = egla,, for x € {f,m}. In addition,
we define the experimental rates of convergence ry,, Ty, ', Ip., I'n, To, and 1y, ,
as

_log(ey,/e},,) _log(ey,/ey,)
T Toghe /by T Tog (/I
o loglen/d) log(en/e,)
" dog(he/hy) TP log(h/BY,)
_ log(ey/e))  log(eq/€p,) _log(eq,, /€p,)

DT dog(hs/hy) T Tog(he/hg) T Tog(hu /B,

where h, and b, (x € {f,m,X}) denote two consecutive mesh sizes with their
respective errors e, € (or e, €).

Example 1: Manufactured Exact Solution

In our first example we illustrate the accuracy of our method considering a
manufactured exact solution defined on Q = QUX U, with Q¢ := (—1/2,1/2) x
(0,1/2) and €y, := (—1/2,1/2) x (—1/2,0). We consider the following parameters
p=1g=(0,-1)" gn=(0,-1"w =1,k =1, kp = 1 and K =1, and the
terms on the right-hand side are adjusted so that the exact solution is given by
the functions

. 16y cos(mx)?(y? — 1/4) B
us(z,y) = (87T cos(mz) sin(mx) (y? — 1/4)2> 2,

B —2y cos(mx)? in
U (2, y) = (_271- cos(mz) sin(mz)(y? — 1/4)> i

pe(z,y) == exp(y)sin(xz) in Q,,

6.(x,y) == exp(—ay) in Q.

with x € {f,m} We notice that U.f|2 = um’g, 8f|2 = 8m|2, and me8f|g =
KEm VOn|s. We notice also that these functions do not satisfy the interface condi-
tions , thus the difference must be incorporated as a functional at the right-
hand side of the resulting system.
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In Table [3.1] we summarize the history of convergence for a sequence of quasi-
uniform triangulations. We observe there that the rate of convergence O(h) pre-
dicted by Theorem is attained in all the cases.

H dof H hy H Cu; ‘ Tuy H Cps ‘ U H Co; ‘ Lo H
216 0.3207 || 0.5592 - 0.2104 — 0.0813 —
834 0.1804 || 0.3492 | 0.8189 || 0.1133 | 1.0767 || 0.0390 | 1.2762
3026 0.1013 || 0.1844 | 1.1057 || 0.0565 | 1.2039 || 0.0199 | 1.1657

11738 || 0.0503 || 0.0855 | 1.0989 || 0.0292 | 0.9398 || 0.0099 | 0.9945

45622 || 0.0247 | 0.0424 | 0.9875 | 0.0145 | 0.9926 || 0.0050 | 0.9674

180930 || 0.0123 || 0.0208 | 1.0226 | 0.0070 | 1.0338 || 0.0025 | 0.9818

725890 || 0.0065 || 0.0103 | 1.1014 || 0.0035 | 1.1007 | 0.0012 | 1.1210

| dof || fm | ewn | Taw | G | T || con | T |
216 0.3663 || 0.1752 - 0.0330 - 0.0953 -
834 0.1804 || 0.0748 | 1.2018 || 0.0137 | 1.2349 || 0.0377 | 1.3073
3026 || 0.0951 || 0.0398 | 0.9856 || 0.0072 | 1.0013 || 0.0200 | 0.9917
11738 || 0.0488 || 0.0198 | 1.0416 || 0.0035 | 1.0802 || 0.0098 | 1.0692
45622 | 0.0247 || 0.0099 | 1.0091 || 0.0017 | 0.9984 || 0.0050 | 0.9764
180930 || 0.0143 || 0.0050 | 1.2604 | 0.0008 | 1.2650 || 0.0025 | 1.2636
725890 || 0.0064 || 0.0024 | 0.8754 || 0.0004 | 0.8686 || 0.0012 | 0.8831

H dof H hs H ey ‘ I H iteration H
216 0.2500 || 0.0470 - 5
834 0.1250 || 0.0308 | 0.6107
3026 || 0.0625 || 0.0114 | 1.4330
11738 | 0.0312 || 0.0051 | 1.1391
45622 || 0.0156 || 0.0026 | 0.9634
180930 || 0.0078 || 0.0013 | 1.0307
725890 || 0.0039 || 0.0006 | 1.0442

Gt Ot Ot Ot Ot Ot

Table 3.1: EXAMPLE 1: Degree of Freedom, mesh sizes, errors, rates of convergence
and number of iterations for the coupled problem.
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Example 2: Kovasznay’s analytical solution

In our second example, we focus on the performance of the iterative method
with respect to the viscosity . To this end, we consider the domain €2 = QU X U
Qp, with Qf := (—1/2,3/2) x (0,1/2) and Q,, := (—1/2,3/2) x (—=1/2,0). In turn,
the terms on the right-hand side of are adjusted so that the exact solution
are given by the functions

1 — €% cos(27y)
= moo
ur(z,y) %e@ sin(2ry) )
pe(z,y) = —0.5e*"+¢y in
(z+05)(z—15)Y .
U (7,9) <_(2x “N+y) S
Oley) = 2"+ in O,

with ¢ given by
—872

T el + /2 £ 1672

where p > 0 is the viscosity of the fluid and ¢j is a constant chosen in such a way
(pe, 1), = 0. We note that (ug,pr) is the well known analytical solution for the
Navier—Stokes problem obtained by Kovasznay in [73], which presents a boundary
layer at {—1/2} x (0, 2).

In Table|3.2| we display the behavior of the iterative method as a function of the
viscosity number, considering different meshsizes and a tolerance tol = 1le—6. Here
we observe that the smaller the parameter p the higher the number of iterations.
In addition, in Table [3.3] we consider u = 0.01 and observe that, the rates of
convergence predicted by the theory, are attained for all the unknowns.

7 h=0.1972 | h =0.0993 | h =0.0498 | h =0.0254 | h = 0.0130 | h = 0.0068
1 ) ) ) 5 5 )
0.1 7 7 7 7 7 7
0.01 8 8 8 8 8 8

Table 3.2: Example 2: Number of iterations of the iterative method with respect

to p.
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Example 3: Nondimensional problem

In our last example, we are interested in studying the phenomenon on a square
cavity with differentially heated walls. To that end, we let Q = Q; U X U Q,,, with
Q¢ :=(0,1) x (0,3/4) and Qy, := (0,1) x (3/4,1), and similarly to [79, Section 2.4|
we consider the problem with dimensionless numbers

or=2e(us) — prI in O

—diveoy + (ur-V)ur — Rargefy =0 in O,
divug =0 in Q,

—Ab; + Pryus- VO =0 in

u, + DaVp, — Rapgnbn, =0 in €,
divu, =0 in €,

A0, + Prpu, - VO, =0 in Q,

Vb -n=Vl,-n on X,

Qq

vDa

orn + (u-t)t= —pun on X,

6:9]) on F,

where Pr, and Ra, represent the Prandtl and Rayleigh numbers in the domain 2,
for x € {f,m} and Da represents the Darcy number. Here, we fix the Prandtl,
Rayleigh and Darcy numbers as Pry = 0.5, Pr,, = 0.5, Ra; = 2000, Ra,, =
2000, and Da = 1, and consider oy = 1. For the boundary condition, we choose
Op(z,y) = 0.5(1 — cos(27x))(1 — y) on I'" and observe that fp = 0 on the left,
bottom and right walls whereas on the top wall #p has a sinusoidal profile with a
peak of temperature fp = 1 at x = 0.5.

In Figure we display the approximate solutions obtained with dof = 45726.
At the top-left of Figure we display the respective mesh with 1378 triangles in
Q¢ and 584 in §2,,,, whereas the velocity vector field, the pressure and temperature
are shown at the top-right, bottom-left and bottom-right of Figure [3.1] respec-
tively. There, it is possible to see the expected physical behavior from [40], that is,
convection currents form inside the cavity in a symmetric configuration. However,
in our case, the interface plays a role in the phenomenon, and as reported in [76],
we observe that the velocity field has an expected velocity decrease when it crosses
the interface from the free fluid region to the porous medium.
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4.0e-13 0.5 1 1.5 2.2e+00

-1.1e+01 100 200 300 4.8e+02 8.3e-07 0.2 0.4 0.6 0.8 1.0e+00

L N

Figure 3.1: EXAMPLE 3: Mesh (top-left), Velocity vector field (top-right), pressure
(bottom-left) and temperature (bottom-right).
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H dof H hy H Cu; ‘ Tug H pe ‘ Ups H Co ‘ Lo: H
1762 0.1972 || 0.5819 - 0.0102 — 0.0828 -
6460 0.0993 || 0.2774 | 1.0794 || 0.0044 | 1.2025 || 0.0410 | 1.0241
25101 0.0498 || 0.1389 | 1.0025 || 0.0021 | 1.0593 || 0.0209 | 0.9744
98357 0.0254 || 0.0688 | 1.0475 || 0.0010 | 1.0555 || 0.0105 | 1.0262
394038 || 0.0128 || 0.0342 | 1.0160 || 0.0005 | 1.0189 || 0.0053 | 0.9893
1668858 || 0.0068 || 0.0160 | 1.2114 || 0.0002 | 1.2329 | 0.0026 | 1.1264

| dof | hw | ew. | run | epn | Tpu | 0. | 1. |
1762 0.1972 || 0.1295 - 0.0353 - 0.0797 -
6460 0.0993 || 0.0660 | 0.9807 || 0.0184 | 0.9499 || 0.0430 | 0.8980
25101 0.0468 || 0.0322 | 0.9546 || 0.0093 | 0.8985 || 0.0210 | 0.9539
98357 0.0242 || 0.0160 | 1.0593 || 0.0046 | 1.0641 || 0.0105 | 1.0496
394038 || 0.0130 || 0.0080 | 1.1182 || 0.0023 | 1.1288 || 0.0052 | 1.1283
1668858 || 0.0061 || 0.0038 | 0.9694 || 0.0011 | 0.9579 || 0.0026 | 0.9084

H dof hs ex T) H iteration H
1762 0.0625 || 0.0735 — 8
6460 0.0312 || 0.0374 | 0.9734 8
25101 0.0156 || 0.0196 | 0.9268 8
98357 0.0078 || 0.0101 | 0.9510 8
394038 || 0.0039 || 0.0051 | 0.9718 8
1668858 || 0.0019 || 0.0025 | 1.0007 8

Table 3.3: EXAMPLE 2: Degree of Freedom, mesh sizes, errors, rates of convergence
and number of iterations for the coupled problem with © = 0.01.
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Chapter 4

An a posteriori error analysis for a
nonisothermal fluid-membrane
interaction

4.1 Introduction

In this chapter, we propose a residual-based a posteriori error estimator for a
conforming discretization of the nonisothermal fluid-membrane model introduced
in Chapter 3]

More precisely, we introduce a reliable and efficient a posteriori error estimator
for the coupled system in Section In this section, the primal formulation of
the convection-diffusion equation for the temperature is coupled with the velocity-
pressure formulation of the Navier—Stokes problem in the free-fluid region and
the dual-mixed velocity-pressure formulation of the Darcy equation in the porous
medium domain, which forces the introduction of a Lagrange multiplier represent-
ing the Darcy pressure at the interface.

The Galerkin scheme introduced in Section considers the Bernardi-Raugel
and Raviart—Thomas elements for the velocities, piecewise constant elements for
pressures, continuous piecewise linear functions for temperatures, and continuous
piecewise linear functions for the Lagrange multiplier on a partition of the interface.

Employing standard arguments such as global inf-sup conditions, suitable
Helmholtz’s decompositions and the local approximation properties of the Raviart—
Thomas and Clément interpolation operators, we derive the a posteriori error es-
timator and prove its reliability. In turn, inverse inequalities, usual localization
techniques of bubble functions and known results from previous works, are em-
ployed to prove the local efficiency of the proposed error estimator. Finally, we
propose an adaptive algorithm based on the local and computable error indicators

81
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of the a posteriori error estimator.
The remainder of the chapter is organized as follows.

e In Section we summarize the main results established in Chapter
which are necessary for the analysis that we will develop in this chapter.

e In Section [4.3] we derive a reliable and efficient residual-based a posteriori
error estimator for the two dimensional case. Specifically, in Section |4.3.3] we
employ auxiliary problems, suitable continuous inf-sup conditions, and local
approximation properties of the Clément and Raviart—Thomas operators to
prove the reliability of the estimator, whereas in Section we apply
inverse inequalities and the localization technique based on element-bubble
and edge-bubble functions to prove the efficiency of the estimator.

e In Section [4.4] we extend the analysis developed in two dimensions to the
three-dimensional case, proposing a reliable and efficient residual-based a
posteriori error estimator for the 3D case.

4.2 The nonisotermal Navier—Stokes/Darcy cou-
pled problem.

In this section, we briefly recall the modeling problem described in Chapter
In addition, we introduce both continuous and discrete variational formulations
and summarize some of the results established in Chapter [3

4.2.1 The model problem and its variational formulation

In order to describe the geometry of the problem, we let €2 and ,, be two
bounded and simply connected open polygonal or polyhedral domains in RY, with
d = 2 or d = 3, respectively, such that QN Q, = 0 and X := 9 N Iy, # 0 is
either the union of straight lines if d = 2 or a polygonal surface if d = 3, satisfying
¥ C O and X € 9Qy,. Then, we let Ty := 0 \ X, 'y, := 00 \ 2, and denote
by n the unit normal vector on the boundaries, which is chosen pointing outward
from Q= Q; U Q, U and € (and hence inward to €2, when seen on ). On X
we also consider unit tangent vectors, which are given by t = t; when d = 2 and
by tl, tz, when d = 3.

In the free fluid domain €2, the phenomenon is described by the following
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Navier—Stokes/Heat system:

or =2pe(us) —pel in Qy, (4.1a)

—diveog+ (ug- V)ur — gy =0 in Q) (4.1b)
divug =0 in O, (4.1¢)

—ke Al +u; - VO =0 in  Qp, (4.1d)

where p > 0 is the dynamic viscosity of the fluid, u¢ is the fluid velocity, p¢ is the
fluid pressure, oy is the Cauchy stress tensor, I is the d x d identity matrix, 6
is the fluid temperature, x; > 0 is the fluid thermal conductivity, g € L%(€)) is
the external force per unit mass, div is the usual divergence operator div acting
row-wise on each tensor, and e(uy) is the strain rate tensor given by e(uy) :=
2 (Vug + (Vug)), where the superscript ¢ denotes transposition.

In the porous membrane €, the behavior of the fluid can be described by the
following Darcy-Heat system,

K 'uy + Vpm — b =0 in Q) (4.2a)
divu, =0 in Qp, (4.2b)
— KAl +uy, - VO, =0 in Qp, (4.2¢)

where u,, represents the fluid velocity, p, the fluid pressure, 6, the fluid tem-
perature, g, € L3(Q,) a given external force, k,, > 0 the thermal conductivity,
and K € [L®°(Q,)]*? is a symmetric and uniformly positive definite tensor in €,
representing the intrinsic permeability « of the membrane divided by the dynamic
viscosity p of the fluid.

The transmission conditions that couple the systems and on the

interface ¥ are given by

Qf = Qm on E,
keVO-n=k,V0,-n on X,
Uy -n=u, -n on X, (4.3)

d—1
om + ij(uf tj)t; = —pmn  on X,
=1

where wy, ...,wq_1 are positive constants depending on the intrinsic permeability
K, the viscosity p, and on the geometrical characteristics of the membrane. In
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particular, the fourth condition in (4.3)) can be decomposed, at least formally, into
its normal and tangential components as follows:

(ofn)n = —p, and (ofn)t; = —wj(ust;) on X, jel,....d—1. (44)

The first equation in corresponds to the balance of normal forces, whereas
the second one is known as the Beavers—Joseph—Saffman law, which establishes
that the slip velocity along ¥ is proportional to the shear stress along ¥ (assuming
also, based on experimental evidence, that u,, - t is negligible).

Finally, the Navier—Stokes/Darcy/heat system (4.1)), (4.2) and (4.3) is comple-
mented with suitable boundary conditions:

u =20 on [IF, u, n=20 on I,
(4.5)
O = ‘9D|Ff on I, Om = 9D|rm on Iy,

where 0p € W344(T") is a given function defined on I' := Iy U T,.

4.2.2 The variational formulation

To present a variational formulation for the coupled problem given by (4.1)),
(4.2), (4.3) and (4.5)), let us first recall some notations and definitions employed in
Chapter 3, Section [3.2.1] First, we define the spaces

Hp () :={v.eH'(): v.,=0 on I.} forxe{fm},
Hr, (div; Q) == {vym € H{div;Qm): v -n=0 on Ty},
U :={v e H(Q) : ¥

and let

am €L(Q)}, and Wep = ¥ NHY(Q),

P = DXt + PmXm and 6 :=6xs + O,

where Y, being the characteristic function:

1 in €
A 0 in Q\Q,

for x € {f,m}. Furthermore, we introduce the pressure trace of the porous medium
on X as an additional unknown, that is

A= pulz € HY2(D).
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In addition, we group the unknowns and spaces as follows
u = (ug,uy,) € H:= H} () x Hy, (div; Qu),
(p,A) € Q= L§(Q) x H*(%),
where H and Q are endowed with the norms

Vil = lvelluoe + [Vallave, and (g, &)l = llglloe + 1€z,

respectively, and proceeding analogously to Section we arrive at the following
variational problem: Find u = (uf,u,) € H, (p,\) € Q and 6 € HY(Q), with
0|r = Op, such that:

Ap(u,v) + Op (g ws, vi) + B(v, (5, \)) = D(0,v) = 0,
B(u,(¢;€)) = 0, (4.6)

Ar(6,¢) + Or(u;0,4) = 0
for all v = (v, vin) € H, for all (¢,€) € Q, and for all ¢ € ¥, o. Above, the
forms Ap : Hx H = R, Op : Hy (Q¢) x Hp (Q¢) x Hp (@) - R, B:HxQ =R,

D:H Q) xH—=R, Ar : H(Q) x ¥ oy — R, and Oy : Hx HY(Q) x Uy — R,
are defined respectively, as

)

d—1
Ap(u,v) = 2p(e(ur), e(ve))a, + Y wj (st vi -ty + (K 'y, Vin)a,.
Ar(0,1) = ke(VO, V), + km(VO, Vi), ,

B(v,(q,\) = —(q,divve)g, — (¢, div Vi), + (Ve 1 — Vi - 1, A,

D(0,v) = (0gs, vi)o, + (08m: Vi),

Orp(wg;ug, vi) = ((wy - V)uf, Vi)ay

Op(w;0,9) = (wr- VO, ¢)o; + (Wi - VO, ¢)q,

(4.7)

4.2.3 The continuous analysis

In this section, we recall some of the results presented in Chapter [3] Section
3.2.2] concerning the establishment of existence, uniqueness, and stability results
for (4.6)).

We begin by introducing a suitable lifting extension to handle the
non-homogeneous Dirichlet boundary condition for the temperature, to achieve
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this, we denote by E : W3/44(T') — W!4(Q) the usual lifting operator (see for
instance [47, Corollary B.53]), satisfying

Q) =¢ and [[E(Qiae < cllClsuar V¢ e WYH(D),

where 75 : WH4(Q) — W3/44(T) is the trace operator. In turn, we let § > 0, and
similarly to [10, Lemma 2.8|, define the function 3; : R? — R given by

1 if 0 < dist(x,I") <9,
Bs(x) := < 2 — 6 tdist(x,T") if § < dist(x,T) < 26,
0 if dist(x,T") > 24,

where dist(x, I') denotes the distance from the point x to the boundary I'. In this
way, we introduce the following extension operator

Es := BsE : W¥44(D) — Wh(Q). (4.8)

In the following lemma, we summarize some properties of this operator. For
its proof, we refer the reader to Lemma [3.2.3]

Lemma 4.2.1. For all ¢ € W¥*4(T"), Es(¢) lies in L=°(Q) and satisfies the esti-
mate

[Es(O o < TEQ) 0,00, (4.9)
In addition, there exist Chig 1, Chig,2, Cuige,s > 0, such that

IEs(Ollose < Chite1 672 [|C]l3/a4r V¢ € W), (4.10a)
IEs(Olle < Crio 64 (1+ 622 (|¢]l3/0ar V¢ € WA, (4.10b)
IEs(Oll1a0 < Chres (L+ 6 DY2(|Cl3aar V¢ € WD), (4.10c)

The following theorem establishes the existence and stability of problem (4.6|).

Theorem 4.2.2. Let 6, = Es(0p) € WH(Q) with 6 > 0 satisfying
crapar'yg 62 ||0pl3/aar < 1, (4.11)
and assume that the lifting 0, satisfies
crag'ar! g 0i]losen < 1. (4.12)
In addition, assume that the datum Oy satisfies

Cuvg 6/ (140 |16 lls/aar < csp, (4.13)
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Then, there exists at least one solution (u, (p, \),0) € Hx Q x HY(Q) to [4.6) and

satisfies

[ulla < Cuvglltillie,  [lollie < Collbr]l10, (4.14)
and
I(p; Mllq < ea(CapCurg + Cirg + (Co + 1)) 161110, (4.15)
where 6y = 0—0, € H{(Q). Above vg := ||&t]lo.0i+||&mll0,3,0m» ar := 3 min{csp, Ck },
ar = cgmin{kg, Ky} and Cy = c7a§1a;1(C’AT + ar) are parameters, Cy, and
Ca, are the continuity constants of the bilinear forms Ap and Ar, respectively,
and ¢y, ...,c; > 0 are constants independent of the physical parameters.

Proof. The existence of solution follows from Theorem [3.2.9] and Lemma [3.2.4]

whereas the estimates (4.14]) and (4.15]) can be found in Theorem and Corol-
lary |3.2.10}, respectively. We omit further details. O

We conclude this section by showing the uniqueness of solution to problem

(4.6). The proof can be found in Theorem [3.2.11}

Theorem 4.2.3. Assume that the hypotheses of Theorem hold and let
(u, (p,A),0) = (u, (p,\), 0y +0,) € Hx Qx H(Q) be a solution of (4.6). Assume
further that 6ylq,, € WH4(Qy,), and

[(Myyg + Mo) Chitr20 ™4 (1 + 62 + MCuige a(1 + 5_2)1/2] 10p][3/4,4,0
+M;]|00]|1,4,00m + Mg < 1,

where M, := cgag' Cy, My = cgagl (Co+1), M3 := cypaq' and My := cpyop ",
Then (u,(p,A),0) is unique. Above 7g, ap, ar, Cy and Cy are the parameters
defined in Theorem [{.2.7, and cs,...,c11 > 0 are constants independent of the
physical parameters.

4.2.4 The conforming finite element method

Let 7,f and 7,™ be the respective regular triangulations of the domains 2 and
Q,, formed by shape-regular triangles T in R? or tetrahedra in R? of diameter Ay
and denote by h; and h,, their corresponding mesh sizes. Assume that they match
on ¥ so that T, := T, U 7™ is a triangulation of  := Q; U X U Q,,. Hereafter
h := max{hy, by }.

In what follows, we summarize some of the results presented in Chapter [3]
Section . To do this, given an integer [ > 0 and a subset S of R?, we denote
by P;(T) the space of polynomials defined in S of degree equal or less than I.
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Moreover, for each T' € T,f, we denote by BR(T') the local Bernardi-Raugel space
(see |11}, 62])

BR(T) := [P{(T)]? @ span{p; : 1 <i<d+1},

d+1
with p; = n; H nj, where {m,...,n4+1} are the baricentric coordinates of T
j=1j#i
{ni,...,n41} are the unit outward normals to the opposite faces of the corre-

sponding vertices of 7. In turn, for each 7' € 7,®, we consider the local Raviart—
Thomas space of the lowest order RTo(T) (see [91])

RT((T) := [Po(T)]? ® Po(T)x,

where X := (z1,...,24)" is a generic vector of R%.
Hence, we introduce the following finite element subspaces:

Hy, () = {vi € HY(Q) : v¢|r € BR(T) VT € T/},
Hj,(Qm) == {vm € H(div; Qm) : V|7 € RTo(T) VT € T,"},
Lp(Q) :={q € L3(Q) : q|7r € Po(T) VT €T},

Uy, = {p e H(Q) : ¢|r € Py(T) VT € Tp},

Hy, r, () == Hy(Qr) N HY, (),

Hy,r,,(Qm) := Hp(Qm) N Hr,, (div; Qm),

Lpo(Q) == Ly(Q) N L5(),

Vpo:=Y,N H%(Q)

(4.16)

In turn, to introduce the finite element subspace for H'/2(X), we proceed differ-
ently for the 2D and 3D cases. For the two-dimensional case, we denote by ¥, the
partition of ¥ inherited from 7, (or 7;™) and assume, without loss of generality,
that the number of edges of ¥}, is even. Then, we let Y5, be the partition of X
arising by joining pairs of adjacent edges of ¥;,. According to the above, we define
the following finite element subspace for H'/2(X)

Ah(E) = {5 € C(E) . €|e € P1(€) Ve € Egh}.

On the other hand, for the three-dimensional case, we again denote by ¥, the
partition of ¥ inherited from 7! (or 7,™), which is formed by triangles e of di-
ameter he, and set hy := max{h. : e € ¥;}. Then, we introduce an independent
triangulation EA]h of X, formed by triangles ¢ of diameter h¢, and define the asso-
ciated mesh-size hg := max{he : € € ¥j,}. Therefore, the finite element subspace

for H'/2(X) is defined by
M(E)={6€CE): €. ePi(é) Veéee,)
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Now, we let I, : C(2) — ¥}, be the well-known Lagrange interpolation operator
and recall that, under the assumption 6, € W*44(I") and for a given 6 > 0, E;(6p)

belongs to W4(Q) C C(Q). Then, for a fixed § > 0 (to be specified below), we
define the following approximation to fp:

6]6),h = Ih(Eé(eD))lF < {wD,h € C(F) : wD,h’e c Pl(e) for alle € Sh(F)}, (417)

where &,(I") stands for the set of edges/faces on I. According to the above,
denoting the global finite element spaces

Hh = Hh,Ff (Qf) X Hh,Fm (Qm) and Qh = Lh,O(Q) X Ah(z)’

the Galerkin scheme associated to problem (4.6]) reads: Find uy := (up¢, upm) €
Hy, (pn, An) € Qp and 0, € Uy, such that 6,|r = 9%7,1, and

Ap(up, v) + Of(upg; up g, ve) + B(V, (pr, An)) — D(0,v) = 0,
Ar(On, ) + Ol(ap; 04, 0) = 0,

for all v := (vf,vin) € Hy, for all (¢,€) € Qp, and for all ¢ € ¥, . The forms
Ap, At, B, and D are the same defined in Section [4.2.2] while O% and O% are the
skew-symmetric convection forms (see [99]), defined respectively by

O{;(Wf; ur, Vf) = OF(Wf; ur, Vf) + %(le Wg, Uf Vf)Qf, (419)
for all Wg, Ug, Vi € Hh’pf (Qf), and
O (w3 0,9) := Op(w; 0,1) + 2(div we, 01))g,, (4.20)

for all w = (w¢, wy,) € Hy, for all 0,1 € U,,.

Now, analogously at the continuous case, we introduce a discrete extension
operator. To this end, we note that since () is a polyhedral domain, (s is also
a polyhedron that can be discretized by shaped-regular elements. Therefore, if
70 is a triangulation of €5, we assume that 7,° C 7Tj,. In this way, proceeding
as in Section [3.3.2, given § > 0, we introduce the discrete extension operator
Esp : W3/A4(T) — Wy, defined by Esy, := I,Es, where Ej is the extension operator
defined in and I, is the Lagrange interpolation operator. Then, it is clear
from that there holds

02 ), = Esn(0p)|r.

Additional properties of the operator E;, are summarized in the following lemma,
the proof of which can be found in Lemma [3.3.4]



90 The nonisotermal Navier—Stokes/Darcy coupled problem.

Lemma 4.2.4. The following estimates hold:

1Esn(Ollogo < 611&,1 S (hS 4 1) <113 /4,4,r5 (4.21a)
IEsa(Ollne < Cuna 8742+ 071 [IClls/aur, (4.21b)
1Es1(¢) 0,000 < (d+ DE(C)][0,00,055 (4.21c)

for all ¢ € W3/44(T"), where difm, élift,g > 0 are constants independent of h and
0.

We also recall the discrete kernel of the bilinear form B given by

v = (vi,vm) € Hy: (¢, divvi)g, =0 Vqe Ly(),
vV, = divv,=0 in €, and
(Vin—vy, -n&)y=0 Ve A(X)

and where L, (€) is the set of functions of L (2) restricted to €.
The next lemma establish the discrete inf-sup condition. The proof can be

found in Lemma [3.3.3

Lemma 4.2.5. Given h = max{hs, hy,} > 0, let H}, and Qy, be the discrete space
introduced in (4.16)) and, in particular for the three-dimensional case, assume that
Yy 1s quasi-uniform and that the meshes Xy and X5 satisfy

hg S Co/fzg, with C() € (0, 1)

Then, there exist hg > 0 and B > 0, independent of h, such that for any hy < hg,
there holds:

B
sup (v.(¢,%))
ver\(0}  IVlm

> Bl(¢.9)llg ¥(a,€) € Qn

The following theorem establishes the well-posedness and convergence of the
discrete scheme (|4.18]).

Theorem 4.2.6. Given h = max{h¢, hy,} > 0, and in particular for the three-
dimensional case, we assume that the meshes X;, and ih satisfy hs, < Cohg with
Co € (0,1), and that X, is quasi-uniform. In addition, let hy > 0 be the fized
constant that allows to derive the inf-sup condition given in Lemma and
assume that h < min{hg, 0}, with § > 0 satisfying

Grog o' 1g8 (2 4 6)|10plls/aar < 1, (4.22)
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where vg = ||&tll0.0 + |8mll03.0m- Let 01 = Esn(0p) € Uy, be such that
G g gl floce < 1, (4.23)
and assume further that p € W344(T") satisfies
Cuvgd (24 67)|0pls/aar < Tap. (4.24)

Then, there exists at least one (Up, (Pr, An), 0n) € Hy, X Qp X Uy, solution to (4.18)).
Moreover, the solution satisfies

luplla < CuellOnall1,0: 10n0ll1.0 < Co||On1ll10, (4.25)
and
1(Pn> An)llq < Ca(CapCuvg + Covg + (Co + 1)7e) 10n1 1.0, (4.26)

where Oy o = 0, — 0p1 € Vpp.
In addition, assuming that uy € H*(Q), u, € HY(Qy,), divu, € H(Q),
p € HY(Q), A € H¥2(D), 0|o, € H2() and 0q,, € W?*(Q), and the following

estimate holds
&0 (1 + 8% 2|[0bl3/aar + Crell01 40, <1,
there exists Crae > 0, independent of the mesh-size and the solution, such that

lu—wllg + (0 — 2o A= M)llq + 110 = Oulli.e < Crach([|uell20 + U l10.,

Hdiv a1, +lplie + [Mszs + 10ll20 + 10]240.)-

Above ¢y, ...,c6 > 0 are constants independent of the mesh-size, data and physical
parameters.
Proof. We refer the reader to Theorems [3.3.6| and |3.4.4] for details. n

4.3 A posteriori error analysis for the two-dimensional
case

In this section, we derive a reliable and efficient residual-based a posteriori error
estimator for the two-dimensional version of the numerical scheme , under
suitable hypotheses. Subsequently, in Section (1.4 we extend the analysis to the
three-dimensional case. To that end, throughout this section, we assume that the
hypotheses of Theorem [£.2.3/hold and let (u, (p, A), ) = ((us, un), (p,A), O +6:) €
H x Q x H'(Q) be the unique solution of ([4.6]), where 6; = E;(fp) € W*(2) and



92 A posteriori error analysis for the two-dimensional case

0y € H{(Q). Additionally, we assume that the hypotheses of Theorem hold
and let (uh, (ph, /\h>79h> = ((uhf,uh?m), (ph, )\}J,th + 0}111) € Hh X Qh X \I/h be a
solution of , where 65,1 = Es,(0p) € V), and 65,9 € Vpp.

We also assume, for the sake of simplicity, that the Dirichlet datum 6p is a
piecewise linear function on I', that is

Op € Pl(Fh) = {wD,h € C(F) : wD,h|e € Pl(e) for alle € Sh(F)}

If this is not the case, high-order terms would appear in the reliability estimate.

4.3.1 Preliminaries

Given T € T, = T U T,™, we let £(T) be the set of edges of T, and denote by
&y, the set of all edges of 7Tj,, subdivided as follows:

Eh = Sh(Ff) U Eh(Fm) U 5h(Qf) U gh(Qm) U gh(E),

where &,(I'y) == {e € &, e C I}, &) = {e € & e C Q,} for each
*x € {f,m}, and &E,(X) :={e € &, : e C X}. Analogously, we let Ey,(2) be the set
of edges of the auxiliary partition Y, of ¥ introduced in Section [£.2.4] In what
follows, h. stands for the diameter of a given edge e € &, U &y (X).

Now, given T' € T,LUT™, we let ¢ € L%(9) be such that q|r € C(T) and for each
e € &, we denote by [q¢] the jump of ¢ across e, that is [q] := (¢|7)|e — (q|77)]e,
where T and T are the triangles of 7' U 7,™ having e as an edge. We also denote
the unit normal vector on each of edge e € &, by n, = (ny,ny)" (its particular
orientation is not relevant), and define the tangential vector t. along e by t. =
(—ngy,n1)t. Then, given v € L?(Q) such that v|p € [C(T)]?, for each T' € Ty, we let
[v-te] be the tangential jump of v across e, that is [v-t.] := {(v|7)|e— (V|7)|e} - te.
From now on, when no confusion arises, we simply write n and t instead n, and
t., respectively.

Finally, for sufficiently smooth scalar and vector fields ¢ and v := (vy,v9),
respectively, we let

t
R ok} Jdq . Ov ov
curl (Q) = (%, _8_901) and rot (V) = B_:c? — @

Let us now recall the main properties of the Clément operator (cf. [31]) onto
the space of continuous piecewise linear functions and the lowest order Raviart—
Thomas interpolator (see eg. [18]).

For x € {f,m}, we consider the discrete space

Xps i ={v € C() :v|lr €PY(T) VT €T}  Vxe{fm}.

and denote by Cy, . : H () = Xj 4, * € {f, m}, the Clément interpolator operator.
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A vector version of Cy, , say Cp,, : H'(Q,) — X, which is defined component-
wise by Cj, ., will also be required.

The local approximation properties of Cj, . (and hence of Cj, ) are established
in the following lemma. For the respective proofs we refer the reader to [31].

Lemma 4.3.1. There exist ¢1, ¢ > 0, independent of the mesh-size, such that for
all v € HY(Q),) there hold
[0 = Chu(V)llor < Ehrllvliae YT €T,
and
[0 = Con@)lloe < EhY20llae Ve €&
where A (T) :==U{T" € T :T'NT # 0} and Ay(e) :=U{T" € T} : T' Ne # 0}
and » € {f,m}.
Now we let TI%7 : H'(Q,,) — H;(Qu) be the lowest order Raviart-Thomas
interpolation operator, which is characterized by the identity
(T (vy) -0, 1), = (Vip -0, 1), Vedge e of T, Vv, € H(Qn). (4.27)
It is well-known that (4.27) implies the following identity
div (IT% (vyy)) = Pp(div (vi)), (4.28)

where P, is the L?(€,,)-orthogonal projection onto the piecewise constant functions
on (.

The local approximation properties of are established in the following
lemma. For the corresponding proofs we refer the reader to [18§].

HRT

Lemma 4.3.2. There exist ¢3, ¢4 > 0, independent of the mesh-size, such that for
all v, € HY(Qy,), there hold

Vi = T (Vi) o < Gshrl[Vllie VT €T,

and
Vi -0 = T (Vi) - mloe < @ah?|Vilhz,  Vedge e of T,

where T, is a triangle of T," containing e on its boundary.

Moreover, for the forthcoming analysis we will also utilize a stable Helmholtz
decomposition for Hr, (div;€,), which can be found in |26, Lemma 4.4] (see also
[53, Theorem 3.1] for the three-dimensional case).

Lemma 4.3.3. Assume that there exists a convexr domain B such that Q, C B
and Ty, € B. Then, for each vy, € Hr_(div;Qy,), there exist z € H'(Qy,) and
¢ € H (Q), such that

Vm =z +cwl(() in Qn and ||z[lLo, + [Clon < EllVallavo.,  (4.29)

where C5 1S a positive constant independent of all the foregoing variables.
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4.3.2 The residual-based estimator

We propose the following global a posteriori error estimator for the numerical
scheme (|4.18)):

1/2

=) Mt > Wt > s (4.30)

TeT) TET TeT®

where T, is the set of triangles of 7;, with edges on the interface ¥ and the local
error indicators nr¢ and 1y, and nry are given by

’I]%j = ||d1V uh7f||(2)7T + h%«”dlv Opt — (ll;hf . V)uhi — %uhfdiv uh,f + ehng(Q),T

W [ReAG — wpg - VO, — S0pdivungli o+ Y hellfonm]]fs,
eeg(T)ﬁ&‘h(Qf)

+ > helllseV0n - ]|l
ec&(T)NERL (D)
(4.31)

0% = hpllrot (0h8m — K "wam) 5 7 + A7 1008m — K wpmlls 1

[0, — W - VOS2 + > Bell[(0n8m — K unm) - 1113,

e€&(T)NER ()

+ Z hel|[5m VO, - n]]”(%,e’

e€E(T)NER(m)
(4.32)

and
77:2F,E = Z hell£eVOhe -1 — £, VO, - n||(2),e + Z hel[An — ph”%,e
e€E(T)NEL(D) c€E(T)NER(D)

+ Z hellups -0 —wpm - ng,

e€E(T)NER(E)

+ Z heHehgm t— Kiluh,m L= d;\_th 376

e€E(T)NER(R)

+ Y hellonm + wi(ay- t)t+ Anlf3

eGE(T)ﬂSh(E)

(4.33)

with 65, = O4|q,, for x € {f,m} and

ot = 2pe(uys) — ppl on each T € 7',1f (4.34)
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The residual character of each term on the right-hand sides of (4.31)), (4.32)) and

(4.33) is quite clear. In addition, the derivative Cz\—th has to be understood as

tangential derivatives in the direction imposed by the tangential vector field t on

3.

In what follows we establish, under suitable assumptions, the existence of posi-
tive constants C,; and C,sy, independent of the mesh-size and the continuous and
discrete solutions, such that

Ceprn+hot. < flu—wnlla+[|(p = pn, A = An)llq + 10 = Onllro < Cram, (4.35)

where h.o.t. denotes higher order terms. The upper and lower bounds in (4.35)),
which are known as the reliability and efficiency of ), are derived below in Sections

and [£.3.4] We begin with the reliability estimate.

4.3.3 Reliability

The derivation of the reliability estimate is organized into several parts, pre-
sented in the following subsections. We begin by deriving preliminary estimates
for the errors ||(u —up, (p — pr, A — An))|laxq and ||@ — 0|10 in term of residuals.

Preliminary estimates

We begin the derivation of the reliability estimate by noticing that from as-

sumption (4.13), the estimate for u = (ug, uy) in (4.14), (4.10b) and the trace

inequality, and proceeding similarly to the proof of Lemma [3.2.6] we can deduce
that ||ug - nl|ox satisfies the hypothesis of Lemma [3.2.1] thus Ag(-,-) + Or(ug; -, )
is elliptic on the kernel of the bilinear form B, denoted by V| that is

Ap(v,v) + Op(we;vi, ve) > ap|[v)g Vv eV,
with ap > 0, where V can be characterized as follows

and virn—vy,-n=0 on X

v {V:(Vf,vm)EH: divve=0 in €, divv,=0 1in Qm}

Then, recalling from [45, Lemma 1| that B satisfies the inf-sup condition:

B
sup (v, (q,6))
veH\{0} HV||H

> Bl(g: e V(g,6) €Q,
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from [47, Proposition 2.36] we deduce that there exists 4 > 0, which depends on
ar and 3, such that the following global inf-sup estimate holds

YW, (r, ) laxq
< sup ‘AF(W7V) + OF(uf;Wf>Vf> +B(V7 (7", §>> +B(W7 (Q?g))‘
T (v)(¢,6))eHxQ\{0} (v, (¢, 6)llmxq ’

(4.36)
for all (w, (,¢)) € H x Q. This estimate will be employed to obtain the following
preliminary result.

Lemma 4.3.4. Assume that

Cop CuClite 20" (2 + 67) (lgtllo.cr + lgmllos0) 100 l5/0ar < % (4.37)
The following estimate holds
[(a—wp, (p=pn, A=) lExq < 297 (IR"|+Co(lIgtllo.or +lIgmllo,3.0.) 10 —0ll1.0),
(4.38)
where RY : H x Q — R is the linear and bounded functional defined by
RY(v,(¢,€)) == —Ar(un,v) — Of(wpg; upy, vi) (4.30)

_B<V= (phv >‘h>> - B<uh7 ((L é)) + D(@h, V)7

for all (v,(q,§)) € H x Q. Above, aliftg and vy are positive constants satisfying
(4.21b) and (4.36), respectively, while Co, > 0 and Cp > 0 are the constants

satisfying (4.40)).
Proof. Taking (w, (r,¢)) = (u —up, (p — pr, A — Ap)) in (4.36)), using the first and

second equations of (4.6]), employing the fact that Op(ug; us, vi) = OR(uy; ug, ve)
for all us, vi € H, and adding and subtracting suitable terms, we first find that

Y[ =g, (p = pr, A = An))|lHxQ

R (v, (4,€)
S oo o T (@ ) e

n sup | — Ok(uy — upp;upy, vi) + D(0 — 0, V)|
(v,(4:€))HxQ\{0} (v, (¢,6))lmxq

I

where RY € [H x Q] is given by (4.39)). Hence, using the estimates
O (s — upgsupg, ve)| < Cogllue — upgllio|ungllue ] vellier,

1D = 0, v)| < Cplgtlloor + lIgmllos.en)llf = Onlliall v,

(4.40)
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we deduce that

Y(w—ap, (p — pr, A — An)) laxq

< |[R"|| + Cogllue — ungllioungllie + Co(lgellog: + lgmllose.) 16 = Oullia.
In this way, from the latter, and from (4.21b)) and (4.25)), it readily follows that

lanller < llanlla < CaCinad™* (2 4+ 6 (lgtlo.cr + lgmllosn) 100]l3/1,0.-

which combined with (4.37) and the fact that |[uf — upgllrio, < [[(w — up, (p —
Phy A — An))||lxq, implies the result. O

Now, we derive a preliminary bound for the error associated with the temper-
ature.

Lemma 4.3.5. Assuming that 0|q,, € W'*(Qy,) and that 6p € P1(T),), the follow-
ing estimate holds

160 =l < ax' (IRT]| + Copllu — unlls (6] 0; + 10]l40..)), (4.41)
where RT : W, o — R is the linear and bounded functional defined by
R (1) := —Ar(0n, ¥) — Of(up; 04, 1)), (4.42)

for all v € W, with Ay and O% are given in ([4.7) and ([£.20), respectively.

Proof. Given 6; = Es(0p) € W'(Q) and 6,1 = Esn(fp) € ¥y, we let 6y =
6 — 60, € HY(Q) and 0,9 = 0, — 0,1 € Wpo and observe, owing to assumption
0la, € Wh(Q,,) and the Sobolev embedding W4(Q,,) < L°(Q,), that 6y €
U0 In addition, since Op|r € P1(I',), it is clear that (0, — 6,1)|r = 0, thus
(6’ — Qh) = (90 — Hh,()) + (91 — Hh,l) € \Ijoo,O'

Then, recalling that Ar(-,-) + Og(v;-,-) is W g-elliptic for any v € V (cf.
(3.17)), using the fact that Or(v;0,v) = O%(v;0,v) for all v € H, § € H(Q),
1 € W, and recalling that u € V, we deduce that

CYTHQ — 9h||ig < AT(H — tgh, 0 — Qh) + O%(u; 0 — Qh, 0 — Gh),
which after simple algebraic manipulation, implies

CYT”9 — GhHiQ S RT(9 — Qh) — O%(u — Up; 9, 6 — Qh) + O%(u — Up; 0 — Qh, 6 — Qh),
(4.43)

where RT € W_ is given by ({.42)). In this way, recalling from Lemmas and
that O%(u; 0 — 60y, 0 —0,) = 0 and noticing that a slight adaptation of Lemma

implies
03 (u = ;0,0 — 01)] < Coullu = wnllsa (0]l + 10]1.4.0.) 10 = Onll10,
from (4.43)) we obtain the result. [l
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Using the previous lemmas now we derive a preliminary upper bound for the
total error.

Lemma 4.3.6. Assume the same hypotheses of Lemmas|/.5.4 and|/.3.5. Assume
further that the following estimate holds

C17gllOpll3/a4r + CovgllOll14.0m < 1, (4.44)

where vg = ||8tllo.o + |8mllo3.0. and Ci, Co > 0 are defined in (4.47). Then,
there exists C' > 0, independent of the mesh-size, such that

1w, (p, A),0) = (an, (o, M), 0n) ]| < CUIRT(+ IR, (4.45)

where RY and R™ are the linear and bounded functional defined in (4.39) and
(4.42)), respectively.

Proof. We begin the proof by replacing (4.41)) back into (4.38]), to obtain

|(u—=up, (p — prs A = An)) |lExqQ
< 29 ' [IR]| + Cpygaz (IR + Copllu — un (0]l Le; + 10]140.))]-
In turn, we note that owing to the a priori estimates for 6 in (4.14]) and estimate

(4.10D)), there holds
161100 < 10]l1.2 < (Co + 1)Clige 264 (1 + 6*)/2(|0p |3/4,4,r,
which when combined with the previous estimate yields

1w, (. A)) = (an, (P, An))l;rxq < 297 HIRT]| + 297 gCpag | BT

(4.46)

+[Ci7gl0p I3 /0,41 + CovgllOl]1,.4,0. ] 1 — up||m,

where B
01 = 27710DOZEICOT (Cg + 1)011&72573/4(1 + 52)1/2,
) (4.47)
Cy := 2y Cpai'Co,.

In this way, from (4.46)) and (4.44]), we readily obtain
1w, (0, A) = (an, (s ) [ixq < 297 IRT|| + 29 Cpag [ BT (4.48)
In addition, using he fact that [[u—u||m < |[(u, (p, A)) — (ap, (Pr, An))||lHxq, from

(4.41)), (4.48)) and (4.44)), we deduce that

16— Bl < 205135 | RF)| + (205! + DI RT), (4.49)
which together with (4.48)), implies the result. O

According to the upper bound (|4.45]), we observe in advance that to obtain the
reliability of the estimator, it suffices to estimate ||RY| and ||RT|. This will be
the focus of the next section.
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Upper bounds for ||RY| and ||R"||

We begin by deriving a suitable upper bound for R¥ (cf. ) To this
end, note that from the first and second equations of (4.18)), it follows that
RY(vi, (qn, &) = 0 for all (v, (qn,&n)) € Hy x Qp. Consequently, for any given
((ve, Vi), (¢,€)) € H x Q and (vp ¢, Vim) € Hy, we can express RF as:

RF((Vfa Vm)a <Q7 5)) = RF(((Vfa Vm)a (Q7 6)) - ((Vh,fﬂ Vh,m)ﬂ (O? O)))

(4.50)
= RY(Vi = Vug) + Ry (Vin — Vam) + R5 (¢, €),
where
RY(vy) := — Ap(ups, (vi,0)) — Ok(wp g uns, vi) — B((vt,0), (pn, An))
+ D(0h, (v£,0)), (4.51)

RY (Vi) = — Ar(up, (0,vw)) — B((0,vw), (pn, \n)) + D(01, (0,vy)),  (4.52)

R3(q,€) = — B(uy, (,€)), (4.53)

for all ((ve, vin), (q,€)) € H x Q. Thus, given ((v¢, vin), (¢,€)) € H x Q, to bound
RY ((ve, Vi), (¢,€)), it suffices to obtain bounds for R} (vi — vi¢), RS (Vin — Vim),
and RY (g, &), with appropriate choices of v¢j, and vy, ;, for the first two functionals.
We start by estimating R% (¢, €).
Lemma 4.3.7. There exists ¢ > 0, independent of the mesh-size, such that
1/2
By (0, < e q Y Idivuneldz + Y heluns-n—wm-nlgr (g9l
TeTS c€n (%)
for all (¢,€) € Q.

Proof. From the second equation of (4.18)) we first recall that divuy, = 0 in Qy,
thus

Rg(‘]a f) = (qa div uh,f)Qf - <uh,f n— uh,m -1, 5)2 \V/ (CZa g) € Q

Then, from the Cauchy-Schwarz inequality, it is easy to see that

1/2
|

(¢,9)lq

1/2

= O ldivungld s+ [l n = wom - nl? s e (@ 9)lg.
TeT)!

RS (0,1 < {ldiv el g, + ns 0= w02, 50}

(4.54)
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In turn, to bound |jup-n—up - nHQ_l/Q’Z in terms of local quantities, we proceed
similarly to [4, Lemma 3.6] and [59, Lemma 3.2|. In, fact, we observe that (uy ¢ —
uym) - 1 is L?(X)—orthogonal to Ap(X), recall that Xj, and Xy, are of bounded
variation and apply [22, Theorem 2|, to deduce that there exists ¢ > 0, independent
of the mesh-size, such that

[ape -0 —app, - n||2—1/2,2 <c Z hellups - n = appm - n||(2),e
e€&op (%)

<c Z he||uh7f ‘N —Upm - an,e'
eEEh(Z)

This estimate and (4.54]) imply the result. ]

Now we take vy ¢ = Cps(ve), with Cp, ¢ being the vector version of the Clément
operator defined in Section and obtain a suitable estimate for R} (vi — vp).

Lemma 4.3.8. There exists ¢ > 0, independent of the mesh-size, such that

1/2
IRy (vi = Crs(vi) < e Y migy o Iviliee  Yve € HL(Qr),  (4.55)
TeTf
where
n%,f,l = h%(”dlv Ont— (uhjf . V)uhi — %uhfdiv Uy + thng’T)

+ Y helllonm]i. + D hellonm +wi (g )t + Anlff
e€&(T)NER (D) ec&(T)NERL(X)

and o is given by (4.34).

Proof. Let v¢ € Hp (€) and denote by V¢ := v — Cp¢(ve). Since v € Hyp (Q),
clearly Cj¢(ve) € Hy, 1, (€2). In addition, from the approximation properties pro-
vided in Lemma we deduce that

(4.56)

Vellor < crhr||vell1,a,m) VT €T, (4.57)
and
IVelloe < Czhi/2||Vf 1A5(e) Ve e & () U&EL(D). (4.58)
In turn, from (4.51)) and the definitions of Ar, Ok, B and D, it follows that
R (Vi) = — (2ue(uny), e(Ve))o, — wi (Wps - t, Ve - t)s — (Wng - V)upg, Vi)o,

— (divup g, wps - Ve)op + (pn, divVe)o, — (Ve -1, Ap)sy + (0085, Vi)
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Then, noting that p,div vy = ppI: V¢, using the symmetry of e(-), and recalling
the definition of o, ¢ (cf. (4.34])), we find that
RY(Vi) = —(ont, VVe)a, —wi (Wpg - b, Ve - t)g — ((Wps - V)ups, Vi)oy (4.5
—3(divugs, wyp - Ve)o, — (Ve -1, An)sy + (0181, Vi) -

Then, integrating by parts on each T' € T,f and observing that v¢ = 0 on ['f, we
deduce that

—(ohe, Vo, — (Mg - V)ung, Ve)o, — 5(divuss, ung - Ve)o, + (0r8t, Ve)o;

= Z (divons — (ups - V)ups — %uh,fdiv Uy + 0n8s, Vi)

TeTS
=Y (lowm], ve)e = > (onm, V).,
e€&n (L) ecEn ()

which, replaced back into (4.59)), gives

RY (V) = Z (div ong — (pg - V)ups — supedivug + 0,8¢, Vi)r
TeT}!

= > ([onm],¥)e — > (onm+wi(uys-t)t+ \n, V), .
ec&n (Q) e€&h (D)

In this way, applying the Cauchy—Schwarz inequality, the latter implies

|RY (Vi)| < Z |div oy — (upg - V) — suypedivug, e + 0,8cllo.r || Vellor
TeT}!

+ > llowm

e€&(Q)

+ Z o nm + wi (s - )t + Apnfloel[Vel|oe,
eegh(E)

which together with estimates (4.57) and (4.58)), the fact that the numbers of
triangles in A¢(7") and A¢(e) are bounded implies (4.55)). O

Now, given vy, € H(div; ), our next goal is to derive the upper bound for
Rg(vm — Vim), for a suitable choice of vj,,. To do this, we assume that the
hypotheses of Lemma hold and let z € H'(Q,,) and ¢ € Hf._(Q4,), such that
Vi = z + curl (¢). Then, we choose vy = Epm(Vin), with

Zhm (Vi) = T (z) + curl (Chm(€)) € Hur,, (), (4.60)

0,e Gf||0,e



102 A posteriori error analysis for the two-dimensional case

where I and Cj,,, are the Raviart-Thomas and Clément interpolators, respec-

tively and observe that
Ry (Vin = Enn(Vin)) = Ry (z — II""(2)) + Ry (curl (¢ = Chm(¢))). (4.61)

Then, to bound RS (vy — Zpm(Vi)), in what follows we proceed similarly to [59,
Lemma 3.6] and derive estimates for RY(z — I177(z)) and R (curl (¢ — Chm(€))),
separately. This is addressed in the following two lemmas.

Lemma 4.3.9. There exists ¢ > 0, independent of the mesh-size, such that
1/2

Ry (z =1 (2)| <eq D Wrmi o lzlhio. VzeH'(Qw).  (462)

TeT™

where

Mg = Dl =K+ Ongallor + Y0 held—pallle (463
c€E(T)NEN(E)

Proof. Let z € H' () and define z := z — I17*7(z). Then, by the approximation
properties of the Raviart-Thomas operator given in Lemma we get

[Zllor < chrllzlir VT €T;", (4.64)

and
|z nllo. < ch)?|lzlln,  Vedge e of T, (4.65)

Now, according to the definitions of Ap, B and D, it follows from (4.52)) that
R5(z) = —(K 'upm, 2)q, + (pn, divz)a, + (Z -0, \n)y + (048m, 20,

Then, integrating by parts the term (pp,divz)r on each T € T,™, using the com-
mutative diagram (4.28)), the fact that (ps|r)|. € Po(e) for each e € £(T'), and for
each T € T,™, and the characterization of II"""" given in (4.27)), we obtain

Rg(/z\) = Z (_K_luh,m + 018m, Z)7 + Z (Z -0, A\, — pn)e,
TeT,” eclL(X)

which combined with the Cauchy-Schwarz inequality, the fact that the numbers
of triangles are bounded, and estimates (4.64]) and (4.65), implies the result. [J

Lemma 4.3.10. There exists ¢ > 0, independent of the mesh-size, such that
1/2

RS (curl (C = Chm () €4 Y Mima g WClhon V¢ EHL (), (4.66)
TeT™
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where
Moo = Dot (0ngm — K ' wim)llor + D hell[(0n8m — K ') - tlloe
e€E(T)NER (Qm)
+ Z heHthm't_K_luh,m t— d;\_thHO,e-

c€E(T)NER(D) (467)
4.67

Proof. Let ¢ € Hf. (Q,) and define Bi=(-— Chm(¢) € Hi (Q4), which according
to the approximation properties given in Lemma [4.3.1] satisfies

1Bllor < eihrllChamey YT € T, (4.68)

and
1Blloe < esh?[[Cllnane) Ve € En(Sm) UEL(R). (4.69)

In turn, from the definitions of Ap, B and D, and the fact that div (curl (E)) =0
in Qy,, from (4.52)) we find that

Ry (curl (8)) = — (K™, curl (B))a,, + (curl (B) - 0, A)s + (0@, curl (8))a,,.
(4.70)

-~

Then, we observe that curl (§) -n = —%, and integrate by parts the term

-~ -~

(K~ 'wy,m, curl (8))r on each T € T;™ and (curl (8) - n, \p)s on 3, to deduce that

~ -~

RY(curl (B)) = ) (rot (<K' tpm + O8w), B)7

Te’]_}'brn

+ > (K 't b+ Ohgn - t], B)e (4.71)
€€ER(Qm)

+ ) (K M b+ O -t — 22 B)..
e€lp(X)

In this way, applying the Cauchy—Schwarz inequality, estimates (4.68]) and ({4.69))
and the fact that the numbers of triangles in A, (7") and Ay, (e) are bounded, we

conclude from (4.71]) the required estimate (4.66]). ]

As a direct consequence of lemmas [4.3.9] and [4.3.10, and the stability of the
Helmholtz decomposition (4.29)), we obtain the following result.

Lemma 4.3.11. Assume that the hypotheses of Lemma hold. Then, there
exists ¢ > 0, independent of the mesh-size, such that

1/2

RS (Vin = S (V) S €4 D g + 0z ¢ (Vi llaivgn, (4.72)
TeT™
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for all vy € Hr, (div; Q), where 2y (Vi) is defined as in [@£.60) and nf ., , and
N mo are given by ([.63) and (4.67), respectively.

Now we are in position of establishing the desired estimate for | R¥||.

Lemma 4.3.12. Assume that the hypotheses of Lemma[{.53.3 hold. Then there
exists C' > 0, such that

B (v, (0, 6)]
R¥|| =
1= o o T2 @) e

< O 3 (vl + e}
< (4.73)
+ Z {Hle uh,m”aT + n%,m,l + n72",m,2}
TeT™
1/2
+ 3 hellungn = wnfd b
ecé&p ()

with Nrg1, Mrm1 and Nrme defined in (4.56) (4.63) and (4.67), respectively.

Proof. Given, ((vi,vm),(¢,€)) € H x Q\{0}, let us recall that R¥ satisfies (see
[@50))

R ((ve, Vi), (¢,€)) = Ry (vi — Ce(ve)) 4+ B3 (Vin — Zpm(Vin)) + R5 (¢,).

Then, the proof follows from the latter and lemmas [#.3.7 £.3.§ and [£.3.11] We
omit further details. O]

Now, we turn to derive and upper bound for ||R™||. This result is established
in the following lemma.

Lemma 4.3.13. There exists ¢ > 0, independent of the mesh-size, such that

R ()]

IRT|| = sup
veve, [[¥lLe
1/2
<X Mpat Y Mrmst O, el Vs 1 = K Vo - nS,
TGT}f TeT™ ecép (%)
(4.74)

where

77%52 = h%«HIifA@h — Upt - V@h — %Qh div uh7f||(2)’T + Z he” [[/ifVQh . n]]||(2)7e,
eES(T)ﬂSh(Qf)

(4.75)
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and
Mg = Dol a0, — W - VOIS + > hel[knVO - 1], (4.76)

e€E(T)NER ()

Proof. We begin the proof by noticing that RT(¢,) = 0 for all ¢, € ¥},. Then, we
let ¥ € ¥ o, and observe that for all 1, € ¥}, there holds

RY() = R (¢ — ) = —Ap(On, 00 — tp) — O (ap; O, 00 — ). (4.77)

In turn, denoting by {Z)\ =1 — Cp(¢), where Cj, is the Clément operator, from the
approximation properties of C; in Lemma m, it is clear that 1 satisfies

[Dllor < erhelldlhaer YT €T, (4.78)

and R R
[lloe < c2he®[Wlliae) Ve € Enl(). (4.79)
Now, according to the definitions of At and O%, from (4.42) and ([.77)), it follows
that
R*(¢) = R*(¢) = — (£ V0h, V@Qf — (aps - VO, J)Qf — 3(divuy, eh@m

— (/{mVQh, V&)Qm - (uh,m : V‘gh, {Z)\)Qm
(4.80)

Then, integrating by parts on each 7' € 7, with x € {f, m} and observing that
Y=0onIl'=TUl,, we deduce that

~ (kYO Vo, — (50, Vib)a, = > (50, )y — Y ([5:V0, - 0], ).

TeTS e€ER ()

+ 3 (5w, ) — > ([5w Vs - 1], D).

TeT™ e€ER(m)

— Z (meth -n — Hmv‘gh,m -1, 12;)67

eESh(E)

which replaced back into (4.80)), gives

R (¢) = Z (keAG, — ups - VO, — 260, divuyg, %Z)T - Z ([k£VO), - n], {D\)e

TeTS e€ER ()
+ Z (/’imAeh — Upm Veh? {D\)T — Z ([[Kmveh : n]]? QZ)@
TeT™ e€EL(Qm)

— Z (lifvehj -n — Hmveh,m -1, @)e-

€L (D)
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In this way, applying the Cauchy—Schwarz inequality, estimates (4.78) and (4.79)),
and the fact that the numbers of triangles in A,(T") and A,(e) are bounded for
* € {f, m}, we deduce that

[RT(¢)]
1/2
<ed > Mreat+ > Mrmst Y hellwrVons - — knVhm -nlls, ¢ [¢]10;
Te’];f TGTED eeé‘h(E)
for all ¢ € W o, which implies the result. [

Main result

The following theorem summarizes the results obtained in the previous sections

and establishes the desired reliability of the estimator (4.30)).

Theorem 4.3.14. Let (u,(p,\),0) be the unique solution of (4.6) and let
(Wn, (Prs An), 0n) be a solution of ([A.18)). Assume that the same hypotheses of Lem-
mas |4.3.5, [4.3.4, |4.3.5 and |4.53.0| hold. Then there exists C,q > 0, independent of
the mesh-size, such that

Ju— il + 10— e A= Al + 10— Gullio < Cram. (481)

Proof. The reliability of the estimator n follows from lemmas [£.3.6] [£.3.12] and
4.3.151 We omit further details. [l

4.3.4 Efficiency

Now we turn to prove the lower bound of (4.35)). More precisely, in what follows
we proof the following result.

Theorem 4.3.15. Let (u, (p, \),0) = ((ug, un), (p, \), 00 +61) € Hx Qx H(Q) be

the unique solution of (4.6) and let (un, (P, An), On) = ((Qnt, Wnm)s (Prs An), Ono +
On1) € HyxQpx Wy, be a solution of (4.18). Assume that g and gy, are sufficiently
smooth. Then, there exists Cepp > 0, independent of the mesh-size, such that

Ceprn < lu—wplla + [|(p — pr, A = M)l + (10 = Onll10 + heoot., (4.82)
where h.o.t. denotes the higher order terms.

Remark 4.3.1. We observe here that only global efficiency is achieved. However,
as we will show in Lemma local efficiency can be obtained by assuming
additional reqularity on \.
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In order to prove (4.82), we proceed similarly to [4] and [43] (see also [59)
and [24]), using results from [22] 23|, and applying inverse inequalities, and the
localization technique based on triangle-bubble and edge-bubble functions. We
begin by providing the following preliminary result, which consists of the converse

derivation of (4.6]).

Theorem 4.3.16. Let (u, (p,\),0) = ((ug,un), (p,A),0) € H x Q x HY(Q) be
the unique solution of . Then divuy = 0 wn Qf, divu, = 0 in Q, and
U - N = Uy, -0 on X. In addition, defining ps := plo;, Pm = Pla., 0 = Ola,,
O := Olq,, and o¢ = 2pe(uy) — pI € H(div; ), there hold p, € H'(Qw),
Of = Oy on X, keVO; -1 = £, VO, -mn on 3, oyn + wi(ur-t)t + An = 0 on X,
A=py on X, —=diveg+ (up- V)ug — geby = 0 in Qp, —r¢Abr +up - VO = 0 in Q,
K 'uy + Vpm — mbm = 0 in Q, and —knAOy 4+ up - VO, = 0 in Q.

Proof. 1t is clear that the identities divuy = 0 in €, divu, = 0 in €, and
U; - n = u,, -n on % follow from the second equation of . In addition, 6y = 0,,
on X follows from the fact that § € H'(Q2). The derivation of the rest of the
identities follows from the first and third equations of , considering suitable
test functions and integrating by parts backwardly. We omit further details. [

In what follows we bound each local term defining i (cf. (4.30))) in term of
local errors. We begin with the estimates for the zero order terms appearing in
the definition of 57, and 77, ,,.

Lemma 4.3.17. For allT € 77; there holds

[divupgllor < V2/ue — wpgli . (4.83)
Proof. 1t suffices to recall, as established in Theorem |4.3.16, that divu; = 0 in
Q. m

To derive the upper bounds for the remaining terms defining the global a pos-
teriori error estimator 1), we need to introduce further notations and preliminary
results.

Given T € TIUT™ and e € £(T), we let o7 and ¢, be the usual triangle-bubble
and edge-bubble functions, respectively. In particular, pr satisfies o € P3(T),
supp(pr) C T, or = 0on 9T, and 0 < ¢r < 1 in T. Similarly, ¢.|r € Po(T),
supp(¢e) Cwe :=U{T" € Tp:e € E(T")}, e =00n 9T \ e, and 0 < p, < 1 in w,.
We also recall from [100] that, given & € NU{0}, there exists an extension operator
L : C(e) — C(T) that satisfies L(p) € P(T) and L(p)|. = p for all p € Pi(e). A
corresponding vector version of L, that is the componentwise application of L, is
denoted by L.

Additional properties of ¢, ., and L are collected in the following lemma
(see [100, Lemma 1.3]).
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Lemma 4.3.18. Given k € NU {0}, there exist positive constants ¢y, ¢z, and cs,
depending only on k and the shape-reqularity of the triangulations (minimum angle
condition), such that for each triangle T and e € E(T), there hold

lgl27 < el 2all2 7 Vg e Py(T), (4.84)
1pl5. < collot?plls. Vp € Pi(e), (4.85)
I 2L(p) |27 < eshellpll?. Y € Pile). (4.86)

In what follows we will also make use of the following inverse inequalities (see
[47, Lemma 1.138])

Wlipr < chy P llor Vo € Pu(T), with p > 1 and [ > 0, (4.87)
[0][5.e < c(h W5z + helvlir) Yo e HY(T), VT € w.. (4.88)

In addition, using scaling arguments (see [47, Lemma 1.101]|) and the continuous
embedding H! < L* in the reference triangle, it is not difficult to deduce that

[vlloar < elhy ollog + b *|ohr), Yo e HY(T). (4.89)

From now on we assume, without loss of generality, that 6,g; is polynomial
on each T' € 775, and that K‘luh7m and 0,8, are polynomials on each 7' € T,".
Otherwise, additional higher order terms, given by the errors arising from suitable
polynomial approximations, should appear in the corresponding bounds below,
which explains the expression h.o.t. in (4.82]).

We continue by providing the following estimate for the discrete equilibrium
equation.

Lemma 4.3.19. For all'T € T}, there exists C; > 0, independent of the mesh-size,
such that
hTHdiV O'h’f — (uhi . V)uhi — %uh,fdiv llh,f + thfH&T

<Ci((T+hp+ h;/Q)HU-f —ptllir + lp = prllor + h%pﬂ 10 — Onll1.1),

Proof. Given T € T,f, we define the local polynomial function X = (div o, —

(Wps- V)ups— %u;L,fdiV Uy ¢+ 0,8¢)|r. Then, applying the upper bound (4.84)), the
fact that —div oy + (uf - V)ug — gy = 0 and divuy in Q¢ (cf. Theorem |4.3.16)),
and adding and subtracting suitable terms, we find

1/2
X2 |27 < eller*Xe|2r

= C[(QOTXT, div (o5 — o¢))r + (erXr, (uf — upg) - V)upg)r
— (X, (us - V)(ur — upg))r + 3 (orXe, wpediv (ur — upg))r
+ (prXy - (0, — 0)ge)r].

(4.90)
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Now, we bound each term on the right-hand side of .

For the first term we integrate by parts, make use of the fact that pr = 0 on
0T and 0 < ¢ < 1, apply the inverse inequality with p=2and [ =1, and
employ the definitions of o and o, ¢ (cf. and (4.34)), to obtain

|(orXy, div (ons — o%))r| = |[(V(prXr), ont — 0%) 7|
< |erXrlirllon: — otllor
< erhp | X llor(lue — wpelir + llp — pallor)-

In turn, for the second, third and fourth terms we first observe that the inverse
inequality (4.87) with p =4 and [ = 0, and the fact that 0 < ¢z < 1, imply:

| orXep|loar < CZh;l/Q“XTHO,T- (4.91)

Then, the Hoélder inequality, estimate (4.91), the inverse inequality (4.89), the
continuous injection H*(Q) — L*(Q), and the fact that ||us¢l1q, and |Juell1.q,
are bounded, imply

|(or X, (us — upg) - VIupg)r| < |lorXerlloar||us — upgllosr||Vaneloo;
< 03(h;1||uf —uptllor + [us — wpgir) || X

0,7

(o Xy, (ur - V)(ur — wpg))7| < |lorXer|loar|luelloao |V (u — wng)llor

< C4h;1/2|uf — Wt 7| X707,

and
|(r X, upediv (ug — upg)) 7| < |lorXe|loar|Wntlloa0.|div (as — wpg)llor
< cshy Xl div (ur — wpg)lor

< esh P lug — wigllir | X llor-

Finally, for the fifth term we use Hdlder’s inequality, the continuous injection

HY () < LY(Q), and estimate ([4.91]), to obtain

(orXr, (0n — 0)ge)r < [|orXrlloar|glloar!|0n — Ollor

< cohp"||0h — 0 1.0]|Xr

0,T-
In this way, from the previous estimates we readily deduce the result. O]

We continue with the following lemma providing suitable estimates for local
quantities in .
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Lemma 4.3.20. There exist positive constants Cy, Cs, independent of the mesh-
size, such that

(a) b (|[onm]loe < Co > ((1 + by + ) = wellur + llp = pallor +

TEwe

hflp/2||l9 — ¢9h||07T>, where w, = U{T" € T : e € E(T")}.

(b) he'?||onm+wi(net)t+Apnlfo. < 03((1 +h, + i) e — il + lp —
+ hi/2||)\ - )\h||076>, for all e € &,(X2), where T, is
the triangle of T,\ having e as an edge.

Pn ”O,Te

Proof. In what follows we proceed similarly to [4, Lemmas 4.5 and 4.6]. We begin
by proving (a). To that end, given e € &,(¢%), we let X, = [op¢n]|., employ
, recall that ¢, = 0 on dw,, make use of the fact [orn] = 0 for all e € &,(Q)
(o¢ € H(div; (X)), and integrate by parts, to obtain

Xl < alwi/QXeH?),e =c Z (pel(Xe), (@ns — or)n)or

TEwe

=C Z ),div (ohns — o¢))r + (V(eL(Xe)), 06 — ot 7.

TEwe

Notice that adding and subtracting suitable terms, and employing the fact that
—divo; + (ur - V)us — 0gr = 0 and divus = 0 in Q, the first term above can be
rewritten as

(peLi(Xe), div (ons — 01))r = (pel(Xe), Xp)r
+ (@ L(Xe), (W - V) (upe — ug))r
+ (peL(Xe), ((uns — ug) - V)ug)r (4.92)
+ 5 (@ L(Xe), wp e div (up s — ug)) 7
+ (peL(Xe), (0 — On)get)r,

where Xr = (divoys — (ups - V)ups — %uh,fdiv Uy s + 60n8¢)|r, which implies

Il <237 {(—0eL(X), Xr)r = (9eL(Xe), (whs - V) (s = ug))r

—(0eL(Xe), ((ups — ug) - V)up)y — §(@eL(Xe), up sdiv (up s — ug))7

—(weLi(Xe), (0 = On)ge)r + (V(pL(Xe)), o — O'h,f)T}-
(4.93)
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In turn, analogously as for (4.91)) we apply the inverse inequality (4.87) with
p =4 and [ = 0 and the fact that 0 < ¢, < 1, to deduce that

leeL(Xe)lloar < cahp' @ LX) lo,r- (4.94)

Then, using Holder’s inequality, estimate (4.94)), the inverse inequalities (4.87)) and
(4.89)), and the continuous injection H*(€2;) — L4(), each term on the right-hand
side of (4.93)) can be bounded as follows

|(peL(Xe), X7)7| <c||Xellozllod*L(Xe) o,
Pe e), \(Unft * Upt — Uf))T| XC ;1/2||uh,f||1,9f|uh,f - uf|1,T||80i/2L(Xe)||o,T7
[(peL(Xe), ( V)( ))r| <ch
Pe e)s ((Upt —ug) - V)ug)r| <c||ug||1,0;(p [|Unps — Ugllo,r + [Ups — Ug|1,T
[ (peL(Xe), (( ) - V)ug)r| <cllugl1,0,(h7'| llo,r + | 1.7)
x [l *L(Xe) [lor,
(9eL(Xe), dupediv (s — up))r| <chyllwngllo luns — ezl *LXe) o,
(peL(Xe), (0 — 0n)ge)r| <chg'?lgtlloarl|fn — Ollorllol*L(Xe)lor.
[(V(pL(Xe)), 0 — one)r| <hg'llor — ongllorllor *LXe) o
Combining the above with (4.93)), employing estimate (4.86), Lemma [4.3.19, the

fact that |upg||1,0, and ||ull1,o, are bounded, using that h. < hy, and recalling
the definition of oy and o, ¢, we readily deduce (a).

For (b), given e € &,(X) we let Y. = (opm + wi(ups - t)t + Apn). recall that
(o + wy(us - t)t + An)|. = 0 for all e € &,(X), utilize and the fact that
L(Y.)|c = Y. and integrate by parts, to deduce that

IYellse < loe?Yellfe = epel(Ye), onm + wi(upg - )t + Apm).

= cpel(Ye), (ans — orn)e +wi(pel(Ye) - t, (uns —up) - t)e
+ (pel(Ye) -1, Ap — A)e

= — dpL(Ye),div (o4t — 1)1, + A(V(pL(Ye)), 0r — onf)r.
+CU1<QOEY6 : t7 (uh,f - llf) ' t)e + (SOBYE - 1, )‘h - )‘>e~

Notice that using (4.88)), ||uss — ugllo can be bound as follows
[uns — uglfoe < c {h;l/QHUh,f —ugllor. + th/2|11h,f - uf|1,Te} -

Then, using this estimate and proceeding similarly as for (a), we obtain (b). O

The following lemmas establish some estimates for the local terms involving
the temperature.
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Lemma 4.3.21. There exists a positive constant Cy, independent of the mesh-size,
such that
hrl|ke DO, — aps - VO, — 20, divuygllor < Ca((1+ by + h1T/2)Hllf — Upgll1r
+(1+ 1yl *)|0 = Oy 1),

for all T € T}\.

Proof. In what follows, we proceed similarly to [36, Lemma 3.18]. In fact, given
T € 775, we define the local polynomial function Xy = (keA6, — upg - VO, —
%thiv Uy ¢)|r. Then, applying the upper bound (4.84), the fact that —r¢ AG+ ug -
V6O = 0 and divug = 0 in € (cf. Theorem [4.3.16]), adding and subtracting suitable
terms, and integrating by parts, we find that

1/2
X127 < el > Xrll3r

= C[Kf(v<90TXT)a V(Q - Qh))T + (@TX% Upft - V(9 - eh))T
+  (erXr, (ur — upy) - VO + (orXr, 305div (ur — upg))r],

which implies
||XT||(%7T < C(/ff|<,0TXT|1,T|9 - 9h|1,T + ||SDTXT||0,4,T||11h,f||0,4,T|9 - 9h|1,T

+  NlerXrlloar|las —antlloar|0]r (4.95)

+ \/TEHSDTXTHOA,THeh||0,4,T|uf —wpelir),
Then, we proceed similarly to the proof of Lemma {4.3.19, by applying estimate
([4.91)), the inverse inequality (4.89)), the continuous injections H'() — L*()

and H'(Q2) — L*(Q), and the fact that ||us¢|l1.q,, [0]1.0 and |04]1.0 are bounded,
to obtain the result. O

Lemma 4.3.22. There exists a positive constant C's, independent of the mesh-size,
such that

BV On-nlllo < Cs Y ((+hr+hi) fus—undllur+ (1+hi %) 10—0n1.2) ).

TGUJ&
for all e € £,(Q), where w, is given by w, == U{T" € T,f 1 e € E(T")}.

Proof. Given e € &,(€)), similarly to |36, Lemma 3.19| we let X, = [V}, - n]|.,
employ (4.85)), recall that ¢, = 0 on dw,, make use of the fact that [V -n]|. =0
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for all e € &,(€2) and integrate by parts, to deduce that

IXellb. < el Xl = > (wel(Xe), 5 VOh - m)or
TEwe
= i (SOeL(Xe)? l{fV(Qh - 9) ’ n>6T
TEwe
=c GZ ke(V(peL(Xe)), V(0h — 0))r
TeEwe
“+c i Qpe e eh - 9))
TEwe

Then, adding and subtracting suitable terms, and using the fact that —x;A0 +u; -
VO =0 and divu; = 0 in €2, the previous estimate implies

IXlBe <Y ((@el(Xe) Xr)r + (V(eeL(Xe), 5V (0 — 0)r

+ (pe L(Xe), %thiV (upf —ug))r
+ (QOeL(XeL (uh,f - uf) : Ve)T

+ (peL(X) s - V(0 = O))r ).

(4.96)

where Xp = (keAb, —upg- VO, — %thiv uy¢)|r. Then, proceeding similarly as in
Lemma 4.3.20| (a), we bound each term in the right-hand side of (4.96)) as follows

[(peL(Xe), X

)l < e *LXlox | Xrllo,
(V(@eL(Xe)), 5V (6 — 0))7
)
)

< chiMl et LIX)lo.r|0n — 0.1,
1/2 1/2(

T)T

(e L(Xe), thlV (uhf —w))r
[(peL(Xe), (Wps — ug) - VO)r

<chy |l X)llorllOnll1.0luns — ueir,

1/2
<L ( X o010
x (hy'uns — ugllor + [uns — ugli7),

(e L(Xe), ung - V(0 — 07| < chn |0 LIX) ol wnsll o0 — 0|7

Then, using Lemma {4.3.21} the upper bound h, < hr, estimate (4.86)) and the fact
that [|04]|1,0 and ||up¢||1.0, are bounded, we achieve the result. O

Lemma 4.3.23. There exists a positive constant Cg, independent of the mesh-size,
such that

hT||l‘imA9h — Upm VehHO,T < C6(H0 - 9hH1,T + h;mﬂum - Uh,mHo,T)7

for all'T € T.™.
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Proof. Proceeding analogously to the proof of Lemma [£.3.21] for a given T' € T,
we define the local polynomial function X7 = (knA6O, — Upm - VO,)|r. Using the

upper bound (4.84)), the fact that —r, A0+u,-VO = 01in Q, (cf. Theorem4.3.16]),
adding and subtracting suitable terms, and integrating by parts, we deduce:

1X2)2 7 < el * X2 = clom(VierXe), V(0 — 64))r
+ (orXr, Wpm - V(0 — 04))7 (4.97)
+ (SOTXT7 (um - uh,m> . V@)T]

Using Holder’s inequality, estimate (4.91)), and the inverse inequality (4.87)), we
bound each term on the right-hand side of (4.97) as follows:

e (V (01 X7), V(0 = 04))r| <chy'|0 = 0uli 2] Xrllor,

|(r X1, upm - V(0 —0))r| < |lorXr|loar||unmlloar]d — Onlir

< Ch;l | X0zl tnmllor|l — Onlir,

(7 X7, (U — Unm) - VO 7| < chr? s — Wnmlloz 10 4.0 | X7 [0,
Then, combining these bounds with (4.97), and using the facts that |jupm|jor <
| tpm||divia. and [|0]]1 4.0, are bounded, we readily obtain the result. O

Lemma 4.3.24. There exists a positive constant C7, independent of the mesh-size,
such that

0|l ¥0h - nlloe < Cr Y- (10 = Ol + b — whmlor ).

TGwe
for all e € E,(Q), where w, is given by we == U{T" € T, :e € E(T")}.

Proof. Proceeding analogously to the proof of Lemma . for given e € &,(Qy),
we let X, = [k V0, - n]|., employ , recall that ¢, = 0 on dw, and [k, V8 -
n]l. = 0 for all e € &£,(Qy,), integrate by parts, add and subtract suitable terms,
and use the fact that —k, A0 +u,, - VO =0 in Q,, to obtain

HX€||(2),e S CHSOé/QXCH(Q),e
= ¢ (peL(Xe), 5mV (0 — 0) - 1)or

= ¢ Ze b (V (e L(Xe)), V(0 — 0))1 + (0 L(X.), A0 — 0))7
< ¢ 3 (@l (X0, Xe)r + (V(e LX), k¥ (61— 0))r

(el (X0, (Wi = ) - VO + (9o LX), W - V(0 = O))r )
(4.98)
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where XT = (mmAGh — Upm - V@h)]T
Now we observe that, similarly to the proof of Lemma[4.3.23] each term on the
right-hand side of (4.98]) as follows

(e L(Xe), Xp)7| < ellpe” LX) o | X oz,
[(V(peL(X.)), 5V (0 — )| < chptllpe > LX) o |0n — Olir,
(e L(Xe), (Whm — ) - VO 2| < chr [0 LX) o Whm — Wanlloz]|0]]1,4.00m

(e L(Xe)s Whm - V(O — )| < chit 0> LIXo) o [ unmllor|0 — Onlir,

which combined with (4.98)), estimate (4.86), Lemma [4.3.23] the upper bound
he < hr and the facts that |[uym|lor < ||Upm| div:o, and [|0]1,4.0, are bounded,
we deduce the result. O

Lemma 4.3.25. There exists a positive constant Cg, independent of the mesh-size,
such that

he'*|[KeV O -0 — K Vhm - nloe < Cs ((1 + hy + hyl*) e — upgllm
+(1+hg )16 = Ol

10 = 0all 1 + P 10— Wil ).

for all e € £,(X), where Ty and Ty, are the triangles of T, and T™, respectively,
having e as an edge.

Proof. Given e € &,(X), we let Ty and Ty, be the triangles of 7,f and 7,™, respec-
tively, having e as an edge, and define X, := (ktVOh¢ -0 — £, VOh 1, - n)|e o0 €.
Then, applying , using that xk¢Vl; - n — k, VO, -n = 0 on X, recalling that
we = 0 on 0Ty, \ e and on 7} \ e, and integrating by parts on 7 and T, we get

IXelZ, < clloe? X3,
= C(SOCXea Kfv(eh,f - Qf) : n)e + C(SOEXev '%mv<9m - eh,m) . n)e
= c(V(L(peXe)), va(eh,f - ef))Tf + e(V(L(peXe)), 'V (Om — eh,m)>Tm

+ C(L((PeXe)a K'fA<0h,f - ef))Tf + C(L<306Xe)7 HmA(em - eh,m))Tm-
(4.99)
For the third and fourth terms in (4.99) we add and subtract suitable terms and use
the facts that —ky A04+ue-VO = 0in Q¢ , divug = 0in Q¢ and —k,A0+u,,- VO =0
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in Q, (cf. Theorem [4.3.16)), to obtain
(L(peXe), KeA(Ons — 0r))1; = (L(peXe), Xrp);

(4.100)

l:;ha
=1
S
th
£
<
=1
Ly
|
=
&~
5

(L<¢6Xe)a ’%mA(eh,m - Qm))Tm = (L(QoeXe)v XT,m)T,n
(L(weX.), (Wpm — ) - V)7, (4.101)

+
+ (L(SpeXe)v Uy, - v(eh - 9))Tm'

with XTVf = /ﬁ}fAeh’f — uh7f . V@h — %uh’fdiV Uh,f and XT,m = nmAé’h’m — uth . Véh
Then, noticing that each term on the right-hand side of (4.100)) and (4.101) can
be bound as in Lemmas [4.3.22] and |4.3.24] respectively, and observing that from
(4.86) and (4.87)), we have

(V(L(9eXe)), 5V (Ons — 00)7| < chyy 21 Xclo.r: 0ns — Oflze,
and

[(V(L(peXe)), ki V (Om — Qh,m))Tm| < Ch;nll/QHXeHO,meh,m - 9m|17Tm7
we readily conclude the proof. O

In the following lemma, we summarize known estimates that are either well-
established in the literature or can be readily derived from related results.

Lemma 4.3.26. There exists a positive constants Cy, i € {9,...,14}, independent
of the mesh-size, such that

(c) hz|rot (Ongm — K 'wm) 57 < Colllum — wnmllir + 10 — Oulliz), for all
TeTm™,

(d) hellT(Ongm — K™ m) - 6113 . < Cro(ltm — wnmll, + 10 = Onlli,,,), for all
e € En(Qm), where the set w, is given by w, == U{T" € T, : e € E(T")},

(e) h2)0ngm — K w2y < Cri(hdlum — w3 + h310 — 0413 1 + [Ipm —
Prwl3r), for all T € T,

(f) hellupg - —wpm -0, < Ca(llug — wngllg 7 + halue — wpelf g 4 [Jum —
Wi [§.1,,), for all e € Ey(X), where Ty and Ty, are the triangles of T, and
w, respectively, having e as an edge,
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(9) hellprm—=Anll5.e < Cra(h[[0m —nmll§ 7, + A7 (10 = O4ll5 7, +11Pm — PrmllF 2, +
hel|A = Mallge), for all e € E4(X), where T, is the triangle of T,™ having e as

an edge,
(h) D hellOngm -t = K wpm -t = G215, < Cul Y (Jum — wnmliss, +
e€&h(Z) e€&n (%)

10 — 0nll57.) + X = Aulli o), where given e € E,(X), T, is the triangle of
T having e as an edge.

Proof. The estimates (¢), (d), and (e) follow by proceeding analogously to [23]
Lemma 6.1, 6.2, and 6.3], while for (f) and (g) we refer to [4, Lemma 4.7 and
4.12], respectively. Finally, estimate (h) result from very slight modifications of
the proof of [51, Lemma 5.7]. O

We observe here that (h) is the only non-local efficiency bound obtained so far.
However, the following lemma shows that a local estimate can still be derived for
this term under an additional regularity assumption on \.

Lemma 4.3.27. Assume that \|. € HY(¢) for ecach e € £,(X). There exist Cys > 0,
such that

el t =K hm t— 25 . < Cralllam =5z, + 10— 15 7. e | % — 52 115.0):

for all e € E,(X), and where T, is the triangle of T,™ having e as and edge.

Proof. Similarly as for (h) from Lemma {4.3.26] it follows by adapting the corre-
sponding elasticity version from [54, Lemma 21|. We omit the details. O

We end this section by observing that the efficiency estimate (4.82)) follows

straightforwardly from Lemmas{4.3.174.3.27| In particular, the term hc||A—Az 0.,
which appears in Lemma [4.3.20| (item (b)), is bounded as follows:

D el = llge < RIA = Anllgs < chllA = AnllT 2
Eegh(E)

4.4 A posteriori error analysis to the three-dimensional
case

In this section we briefly discuss how the a posteriori error analysis can be
extended to the three dimensional case. To that end, we first need to introduce
some additional notations. Given a tetrahedron T € T;, = T U T,™, we let &,(T)
denote the set of faces of T'. Furthermore, we define

8h = gh(Qf) U 5h(Qm) U Sh(Ff) U cS'h(Fm) U 8h(2),
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as the set of all faces of 7,. Here, £,(Q2,) and &,(I'y) are the sets of all internal
faces and boundary faces of T, respectively, with x € {f,m}. The interface faces
En(X) are those forming the previously defined partition Y.

In turn, for any sufficiently smooth vector field v = (v, v, v3), we let

803 8112 81}1 8’03 81}2 81)1)

1 = = — — _
cut <V) vxv (8@ (9303’ 81’3 8x1’ (91’1 8132

Then, the local error indicators 1z, 7, and 1y s now read

77%f = ||le Uh7f||(2),T + h%”dlv Ont — (uhi . V)Uh,f — %uh,fdiv u s+ thfHaT
+h§‘le‘€fA0h — Upt - V(gh - %thiv uh,ng,T + Z heH[[O'hjn]]Hae
ec&(T)NERL ()
+ Y RelllrVOAD5
€& (T)NER ()
and
M = Dpllewr] (Ohgm — K™ anm) 57 + h7]1008m — K wml§ 7
kA0, = W - VOS2 + D hell[(Ongm — K wnm) x 0I5,
e€E(T)NER ()
+ > hell[sn VOl
e€E(T)NER(Qm)
7772“,2 = Z hel[ktVOhs -1 — K VO m - n“(2l,e + Z hellaps -1 — - an,e
e€&(T)NER(E) e€E(T)NER(E)
+ Y hell(0hm — K wpm) x n= VA x5+ > kel Ay — pallg,
ec&(T)NEL(D) e€&(T)NEL(D)

2
+ Y helloam D wi(ang - )t + A,
ecE(T)NER(X) j=1
and the global a posteriori error indicator is defined as
1/2

=) it > Wt > N

TeTSf TeT™ TeT?

where T, is the set of polyhedral of T, with faces on the interface X.
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The reliability of this estimator can be proved essentially by using the same
arguments employed for the two dimensional case. In particular, analogously to
the 2D case, here it is needed a stable Helmholtz decomposition for Hr_ (div; {2,,).
This result taken from [53, Theorem 3.2] is established next.

Lemma 4.4.1. Assume that there exists a conver domain = such that Q, C =
and Ty, C O=. Then, given vy, € Hr_(div;Qy), there exists z € H*(Qy,) and
B € H. (Qn) such that

vin =Vz+ewl(B8) in Qu and |[zl20, + [|Bl1e. < cllvullavo.,
where ¢ is a positive constant independent of all the foregoing variables.

On the other hand, the efficiency of the estimator can be derived exactly as for
the 2D case, using standard results based on inverse inequalities and localization
techniques based on tetrahedron-bubble and face-bubble functions (see for instance
[24, Section 3.4] and [43] Section 4.2]).
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Chapter 5

A mass conservative finite element
method for a nonisothermal
fluid-membrane interaction

5.1 Introduction

In this chapter, we proceed similarly to [2I] and [70], and consider an H(div)-
conforming approximation for the velocity in both, the free-fluid region and the
porous medium domain, to propose a strongly mass conservative discretization
for the nonisothermal fluid-membrane model introduced in Chapter [2, With the
above approach, and unlike in Chapter [3| the continuity of the normal components
of the velocity is exactly preserved along the interface, eliminating the need to
introduce the Lagrange multiplier. Thus, the resulting unknowns of the problem
are the velocity, pressure and temperature in both domains. To examine the well-
posedness of the resulting variational formulation, we introduce a reduced problem
that is equivalent to the one presented in Chapter [3] Consequently, the existence
and uniqueness of the solution are established using the same techniques.

Additionally, the method has the distinct advantage of yielding exactly
divergence-free velocity approximations, allowing for the analysis of the discrete
scheme without modifying the convective term of the heat equation. For the
discretization, we use Brezzi-Douglas-Marini (BDM) elements of order k for the
velocities, discontinuous elements of order £ —1 for the pressure, and standard con-
tinuous elements of order k for the temperature in both the free-fluid and porous
media domains, while H* continuity of the velocity in the free-fluid region is en-
forced through an interior penalty discontinuous Galerkin (DG) technique as in
[34].

The analysis of the discrete problem is performed using a sufficiently small
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data assumption and a fixed-point strategy. Additionally, by imposing a smallness
condition on the data and the temperature in the membrane, we establish the
convergence of the Galerkin scheme and derive the corresponding theoretical rate
of convergence. To validate these theoretical results, we conduct several numerical
simulations based on manufactured solutions.

The remainder of the chapter is organized as follows.

e In Section we derive the corresponding variational formulation and
analyze the existence and uniqueness of the solution.

e In Section we introduce the mass-conservative numerical scheme and
analyze its well-posedness.

e In Section we develop the error analysis and derive the corresponding
order of convergence of the scheme.

e In Section [5.5] we provide some numerical results illustrating the perfor-
mance of the method and confirming the theoretical rate of convergence.

5.2 Continuous problem

In this section, we present an alternative variational formulation established in
Chapter [3] for the model problem given in Chapter [2 In what follows, we derive
the weak formulation and we establish the existence and uniqueness of solution.

5.2.1 The model problem

In this section, we briefly recall the modeling problem described in Chapter
Let Q¢ and €2, be two bounded and simply connected open polygonal or polyhedral
domains in R?, with d = 2 or d = 3, respectively, such that Qf N Q,, = 0 and
Y= 00 N 0Ny, # 0 is either the union of straight lines if d = 2 or a polygonal
surface if d = 3, satisfying 2 C 09 and > C 0Q. Then, we let Iy := 0 \ 3,
[ := 00y \ X, and denote by n the unit normal vector on the boundaries, which
is chosen pointing outward from €2 := Q¢ U Q,, U X and € (and hence inward to
2, when seen on ¥). On ¥ we also consider unit tangent vectors, which are given
by t = t; when d = 2 and by tq, ty, when d = 3.

In the free fluid domain €2, the motion of the fluid can be described by the
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following Navier—Stokes/Heat system:

or =2ue(us) —ped in Q, (5.1a)

—diveog+ (ug- V)ur — gy =0 in Q) (5.1b)
divug =0 in O, (5.1c)

—ke Al +u; - VO =0 in  Qp, (5.1d)

where p > 0 is the dynamic viscosity of the fluid, u¢ is the fluid velocity, p¢ is the
fluid pressure, oy is the Cauchy stress tensor, I is the d x d identity matrix, 6
is the fluid temperature, x; > 0 is the fluid thermal conductivity, g € L%(€)) is
the external force per unit mass, div is the usual divergence operator div acting
row-wise on each tensor, and e(uy) is the strain rate tensor given by e(uy) :=
2 (Vug + (Vug)), where the superscript ¢ denotes transposition.

In the porous membrane €, the behavior of the fluid can be described by the
following Darcy-Heat system,

K "y, + Vpn — gufm =0 in Qp, (5.2a)
divu, =0 in Qp, (5.2b)
— KAl +uy, - VO, =0 in Qp, (5.2¢)

where u,, represents the fluid velocity, p, the fluid pressure, 6, the fluid tem-
perature, g, € L3(Q,) a given external force, k,, > 0 the thermal conductivity,
and K € [L®°(Q,)]*? is a symmetric and uniformly positive definite tensor in €,
representing the intrinsic permeability « of the membrane divided by the dynamic
viscosity p of the fluid.

The transmission conditions that couple the systems and on the

interface ¥ are given by

Qf = Qm on E,
keVO-n=k,V0,-n on X,
Uy -n=u, -n on X, (5.3)

d—1
om + ij(uf tj)t; = —pmn  on X,
=1

where wy, ...,wq_1 are positive constants depending on the intrinsic permeability
K, the viscosity p, and on the geometrical characteristics of the membrane. In
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particular, the fourth condition in ([5.3)) can be decomposed, at least formally, into
its normal and tangential components as follows:

(ogm)n = —p, and (orn)t; = —wj(ust;) on X, jel,...,d—1. (5.4)

The first equation in (5.4)) corresponds to the balance of normal forces, whereas
the second one is known as the Beavers—Joseph—Saffman law, which establishes
that the slip velocity along ¥ is proportional to the shear stress along ¥ (assuming
also, based on experimental evidence, that uy, - t is negligible).

Finally, the Navier-Stokes/Darcy/heat system (5.1)), (5.2)) and (5.3 is comple-
mented with suitable boundary conditions:

ur =0 on [IF%, u, n=>0 on Iy,
(5.5)

O = 9D|Ff on I, Om = ‘9D|Fm on Iy,

where 0p € W¥44(T") is a given function defined on I' := I'y UT,.

5.2.2 The variational formulation
To derive the variational formulation for the coupled problem given by (5.1)),
(5.2), (5.3) and (5.5)), first we let
Hi (Q) :={veH(%): v=0 on Ff},

Voo == {¢ € HY(Q) : Y], € L7(m)},
and define the spaces
H:={v e Hy(div;Q) : v|o, € H{ ()} and Vo := Voo NH(Q),
where H is endowed with the norm
IVl o= [Vl lia, + [Vlonllave, Vv € HL

To derive our weak formulation, first we let v € H, multiply and
by vl|g, and v|g,,, respectively, integrate by parts both equations, employ the
identities and , sum the resulting equations and use the fact that v|g, -
n—vlg, -n=0on X, to obtain

d—1

2u (e(u), e(v)a, + Y wj (ur - t;, vl - )y + (ur - V) ug, v)o, + (K tm, Vo,
j=1

_<pa div V)Q - (ef gr, V)Qf - (em gm7V)Qm = Oa
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for all v.€ H, where p € L?(Q) represents the global pressure defined by

P = PiXt + PmXm,
with y, being the characteristic function:
1 in €,
Xe= { 0 in Q\Q,

for x € {f,m}. In turn, we let ¢ € U, o, multiply (5.1d) and (5.2d) by ¢|q, and
¥)a,., respectively, integrate by parts, use the first and second interface conditions,
and sum the resulting equations, to obtain

ke (VOr, V), + km (Vbm, V)a, + (ur- Vb, ¥)o, + (Um - VO, ¥)q,, = 0,

for all Y € U,
Finally, we incorporate the equations (5.1¢c) and (5.2b]), weakly as follows

(gr,divug)g, = 0 and  (¢m,divum)a, = 0,

for all ¢r € L2(), gm € L*(Qu), respectively.
Then we define the global unknowns

U= UrXf + UnXm and 60 := 0 + OmXm,

and proceed similarly to Chapter [3] to obtain the variational problem:
Find u € H, p € L(Q) and 6 € H'(Q), with 6|r = 0p, such that:

Ap(u,v) + Op(u;u,v) + B(v,p) — D(0,v) = 0 VveH,
Blug) = 0 VYqeliQ), (56
AT<07¢) + OT(u;97¢) = 0 VQ/J S ‘Iloo,Oa
where the forms Ap : H x H — R, Op : Hp () x Hp () x Hp () — R,

B:HxI12Q) - R D:H(Q) xH — R, Ap : H(Q) x Uoop — R, and
Ot : H x H'(Q) X ¥, o — R, are defined respectively, as

Ap(u,v) = aps(u,v) + apm(a,v),

A1(0,1) = ke(VO,V)o, + km(VO,V))q,,

B(v,q) = —(q,divv)gq, (5.7)
D(0,v) = (0g,v)o, + (08m, V),

OF(W§uaV) = ((W V>u V)Qf>
OT(W;97w) = ( )Qf (W'V9>¢)Qm,
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with
d—1
aps(u,v) = 2u(e(u),e(v))o + > w;(ulg -t vlg, - t;)y .
j=1
arm(u,v) = (K 1u,v)q,.

We observe that the choice for the pressure p, namely L3(f2), has been made
to ensure its uniqueness.

5.2.3 Well-posedness of the continuous problem

To establish the existence, uniqueness and stability result for (5.6), we need
to introduce some further notations and results. We will begin by introducing a
suitable extension operator, proceeding analogously to Section [3.2.2] To do this,
let E : W¥44(') — W*(Q) be the usual lifting operator (see for instance [47,
Corollary B.53|), satisfying

() =¢ and [[E(Q)]ia0 < cllCllsaar ¥ e WD),

where 7o : WH4(Q) — W344(T") is the trace operator. In turn, we let § > 0, and
similarly to [9, Lemma 2.8, define the function 35 : R — R given by

1 if 0 < dist(x,T") <4,
Bs(x) := < 2 — 6 tdist(x,T") if 6 < dist(x,T) < 26,
0 if dist(x, ') > 24,

where dist(x,I") denotes the distance from the point x to the boundary I". Observe
that (s is continuous and satisfies

Bs € Whee(Q), 0<B<1 in Q

where 5 1= {x €  : dist(x,I") < 26}, which satisfies |Q25] < Cpd, with Cr being
a positive constant that depends on the measure of I". In this way, in order to
handle the non-homogeneous Dirichlet boundary condition for the temperature,
we introduce the extension operator

Bs=0 in Q\Qs, 1V Bsll0,4,0, < 04 2]M4,

Es := BsE : W/4(T) - WH(Q), (5.8)
which satisfies the following estimates (See Lemma in Chapter [3):
IEs(Ollose < Cute1 6712 [[C]|3/44r V¢ € W3/44(T),
IEs(Olle < Chi2 0741 + 6% [[Clls/aar V¢ e W), (5.9)

IEs(O)llagn < Ciites (140722 Clls/aar V¢ e WYHA(D).
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Now, we let V be the kernel of the bilinear form B, that is
Vi={veH:B(v,q)=0 VqelLi(Q)}.
From the definition of B we observe that v € V if and only if

(g, div v]g,)e, + (¢, divv]a,)e, =0 Vg€ Lj(Q).

Then, noting that v|g, - n —v|g,, -n =0 on ¥ and L*(Q) = L3(Q) &R, it is easy
to deduce that

divv]g, =0 in Qf and divv|g, =0 in Q.
According to the above, we can rewrite V as
Vi={veH:divv=0 in Q}.
Let us now establish the inf-sup condition of the bilinear form B.
Lemma 5.2.1. There exists > 0, such that

B(v,q)
sup
ver\fo} [Vlu

> Bllalloe Vg€ LiQ). (5.10)

Proof. The proof follows from the surjectivity of the operator div : H{(Q) — L3(£2)
and the fact that H}(2) € H. We omit further details. O

Next, given a fixed § > 0, we define the following lifting for the Dirichlet datum

Op € W3/44(T):
0, = Eg(e])) € W1’4<Q), (511)
and decompose the unknown 6 € H(Q) as 6 = 6, + 61, with 6, € H}(Q2). Then,
for the subsequent analysis we introduce the reduced version of problem ([5.6) on

the kernel V, which reads:
Find (u,6p) € V x H}(2), such that

AF(U‘7 V) + OF(u) u,V) - ‘D(eO?V) - D(Qlav) Vv e V7
Ap(bo, ) + Op(w; 6y +01,¢) = —Ap(61,7) Ve Vgp.

It is not difficult to see that problems ([5.12)) and (j5.6|) are equivalent. This result
is established next.

Lemma 5.2.2. If (u,p,0) € H x L3(Q) x H'(Q) is a solution of (5.6), then
u €V and (u,0y) = (u,0 — 0y), with 6, defined in is a solution to (5.12)).
Conversely, if (u,0p) € V x H}(Q) is a solution to (5.12), then there exists p €
L2(Q), such that (u,p,0) = (u,p, by + 61) is a solution to (5.6).

(5.12)
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Proof. The proof follows from the definition of the lifting 6; (cf. (5.11))) and the
inf-sup condition (5.10)). We omit further details. O

At this point, it is important to observe that due to the equivalence between
both problems, the analysis of well-posedness for is condensed into the ex-
amination of problem . However, since problem precisely corresponds
to problem in Chapter 7 we will now provide a summary of the results
obtained in Sections and of Chapter [3] to establish the well-posedness
of .

We initiate the discussion by addressing the existence result for problem (}5.12)).
For its proof, we refer the reader to Theorem in Chapter [3| (see also [20,
Theorem 2.9]).

Theorem 5.2.3. Let 6, = Es(0p) € WH(Q) with 6 > 0 satisfying
crap ar' g 62 ||0pl3/aar < 1,
and assume that the lifting 68, and the datum 0p satisfy

coop ar g |01 ]loon < 1,

and

Cu7g5_3/4(1+52)1/2 10pl3/2,40 < cap,
respectively, where vg = ||gtlloo; + |8mllos.0m: @r = 3min{cap, Ck}, ar =
csmin{ kg, k), Cu 1= cgap ap (max{ry, km} + ar). Above, ci,...,c6 > 0 are

constants independent of the physical parameters. Then, there exists at least one
solution (u,6y) € V. x HY(Q) to (5.12)), which satisfies

[ulla < Curgllbrllie and  [lfollLa < Collf: 1.0, (5.13)
where Cyp = ap’ (2max{k¢, km } + ar).

It is clear that the existence result for is a direct consequence of the
aforementioned Theorem and Lemmal[5.2.2] Moreover, the corresponding estimate
for the pressure follows from the inf-sup condition @ . We summarize the above
in the following corollary and refer to Corollary [3.2.10] in Chapter [3 (see also [20]
Corollary 2.10]) for a similar result.

Corollary 5.2.4. Assume that the hypotheses of Theorem hold, and let
(u,0p) € V x H(Q) be a solution of (5.12)). There exists p € L3(), such that
(w,p,0) = (u,p,0p + 01) € H x L3(Q) x H'(Q) is a solution to (5.€). In addition,
there exist c7, cg > 0, such that

Ipllo.e < (e + cs¥ellO1]1.0) 701 1,0,
with vg = ||gtlo.0; + 118mll0,3,0m-
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Having this in mind, now we provide the uniqueness of solution of problem
(5.6). Its proof can be derived analogously to that of Theorem [3.2.11]in Chapter
(see also |20, Theorem 2.11]), hence it is omitted here.

Theorem 5.2.5. Assume that the hypotheses of Theorem[5.2.3 hold and let (u, p, 6)
(u,p,00 + 0;) € H x L2(Q) x HY(Q) be a solution of (5.6]). Assume further that
0ola,, € W (Qu), and

m

[(Ml”Yg + Ms) Clift,2573/4(1 +0%)M2 4 M;3Chig (1 + 572)1/2} 10p|3/4,4,0
+Ms[00|1,4.00 + Mavg < 1,

where M, = CQOzF_l Cu, My = 010051 (Co+1), M3 := cnogl and My = clgagl,
with g, ar, Cy, ar, and Cy being the parameters defined in Theorem and
Cg,...,C12 > 0 being constants independent of the physical parameters. Then
(u,p,0) is unique.

5.3 A mass conservative numerical scheme

In this section we combine an H(div)-conforming scheme for the fluid variables
and a conforming Galerkin discretization for the temperature to obtain a mass
conservative and pressure robust numerical method to approximate the solution
of problem (/5.6)).

5.3.1 Preliminaries

Let 7,f and 7,™ be the respective regular triangulations of the domains )¢ and
Q,, formed by shape-regular triangles 7" in R? or tetrahedra in R3 of diameter hy
and denote by h¢ and h,, their corresponding mesh sizes. Assume that they match
in ¥ so that 7, := 77f U 7," is a triangulation of 2 = Qy U ¥ U ,. In addition,
we let h = max{hy : T € Tp}.

For each T € T, we denote by ny the unit outward normal vector on the
boundary 0T and let £(T') be the set of edges/faces of T. We also denote by &,
the set of all edges/faces of T, subdivided as follows:

5h = Sh(Ff) U Eh(Pm) U gh(Qf) U gh(Qm) U Sh(E),

where E,(Iy) == {F €& : FCI,}, () = {Fe& : FCQ,} for each
*x € {f,m}, and E,(X) := {F €&, : F CX}. In what follows, hp stands for the
diameter of a given edge/face F' € &;.

We will use standard average and jump operators on Q. To define them, let
T+ and T~ be two adjacent elements of T,f, and F = 0T+ NdT~ € &£,(€). Let
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v be a piecewise smooth vector-valued function and let us denote by v* its trace
taken from within the interior of 7%. Then the jump [-] acting on v is defined as

IIV]] . vi® nr+ +v ®@np-, F &€ gh(Qf),
' VvV ®n, FEgh(Ff) USh(E),
where n is the outward unit normal vector on 9€) = It U X and u ® n is the
tensor product matrix u®n = (u;n;); ;. In turn, for any smooth enough piecewise

(vector- or tensor-valued) function 7, and denoting by n* its trace taken from
within the interior of 7%, we define its average as

st +n7), Fe&ul),

{in} = {77, F € &/(Ty) U&E(T).

5.3.2 Galerkin Scheme

For k > 1, let Px(T') be the space of polynomials functions on 7" of degree
less or equal than k and inspired by [70 83|, define the following finite element
subspaces

H), ;= {v € Hy(div; Q) : v|p € [Pp(T)]* VT € Ty},
Qn={q€L§(Q) : qlp € Pro(T) VT € Tp},
Uy, ={1 € CO(Q) : Y|l € Pp(T) VT € Tp},

Uy == U, N HL(Q).

(5.14)

Notice that Hj corresponds to the well-known Brezzi-Douglas—Marini finite
element space [17]. In turn, denoting by Hy(€),) the restriction of H, to €, for
*x € {f,m}, we observe that H(Q,) C H(div;Qy), whereas H,(£%) is not a
subspace of H%f(ﬂf). Then, to overcome the nonconformity in )¢, we proceed
similarly to [34] and introduce the following discontinuous versions of the forms
aps and Ogp:

ap(w,v) == 2u ) (e r=20 Y, (e} VDr

TeTS Fe&,(Qs)UER(Ty)

qPen
—2pu Z ({e()}, [u]) z + 2p Z ; ([u], [v]) £
FEE,(94)UE (Ty) Feen(Qn)uen(Ty) L

d—1
+> wi > (ulg, -t Vg, b)),

Jj=1 Fe&p (%)

Ok(w;u, v) ::Z((w Viu,v)r + Z 3 (w-ng —|w-ng[,(u —u)-v),.

TeTt Fe&n(Qy)
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Above, aP®™ > 0 is the well-known interior penalty parameter chosen on each
edge to enforce stability (see, e.g., [2, 42]) whereas u®" is the trace of u taken
from within the exterior of T af:; is the well-known Symmetric Interior Penalty
Galerkin discrete form (SIPG) (see |2, [63]) and O% is the upwind form introduced
by Lasaint-Raviart in [75]. Other choices for ap ¢ and Op are equally feasible (see,
e.g., [3] and [42, Section 6|), provided that the stability properties in Section [5.3.3]
below hold.

To introduce an approximation for the boundary datum 6#p, we proceed as
in Section m that is, we let I;, : C°(Q2) — U, be the well-known Lagrange
interpolation operator and recall that, under the assumption fp € W344(I") and
for a given § > 0, Es(6p) belongs to W4(2) C C°(Q) (cf. (L.6])). Then, for a fixed
d > 0 (to be specified below), we define the following approximation to fp:

0 1, = 1n(Es(0p))Ir € {vpn € COT) : pulr € Pu(F) VF € &(I) U 5h(r<m)}.>
5.15

Let us observe that since €2 is a polyhedral domain, {25 is also a polyhedron that can
be discretized by shaped-regular elements. According to this, for the forthcoming
analysis we let 7,° be a triangulation of {05 and assume that 7,° C Tj,.

In this way, we propose the following numerical scheme to approximate the
solution of problem ([5.6]):

Find (up, pn, 0rn) € Hy x Qp X Uy, such that 0,|r = 9%),1, and

Ag(uh,v)—{—Og(uh;uh,V) +B(V,ph) —D(Qh,V) = 0 VveH,,
B(up,q) = 0 Vg€ Qp, (5.16)
Ap(On,¥) + Or(up; O, 0) = 0 Vb € Uy,
where
Ab(u,v) = af (u,v) + apm(u, v) Vu,v € Hy,

and apm, B, D, Ap, and Or are the forms defined in ((5.7)).

Remark 5.3.1. If u, € H;, is the discrete velocity satisfying , then the
second equation of and the fact that Hy, C Hy(div; Q), imply that diva, =0
in Q and up|g, -1 = uplg,, -n on X, thus the method is strongly mass conservative.
In turn, another feasible choice to approximate the velocity is

H), :={v € Hy(div; Q) : vlr e RT(T) VT € Tp},

where RTy(T) corresponds to the well-known local Raviart-Thomas space of order
k defined by RTy(T) = [Pr(T)]¢ ® Pr(T)x, with x := (z1,...,7q)" is a generic
vector of RY.
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5.3.3 Discrete stability properties

Here we discuss the stability properties of the forms involved restricted to the
corresponding discrete spaces. To that end, for a given [ > 1, we first define the
following broken Sobolev space

H) := {ve H(div;Q) : vl e H(T) VT €T,}.

On H!, and for each | = 1,2 we define the following norm:

1/2
IVl = (VI + VI3, Vv e H,
where
1/2
aPen )
M= §jnvme+§j S0 Vel + Do IR |
TeT! j=1 Fe&y(S) Fe&p(Q)UER(TY) hr

for all v € Hj,, and
1/2

Vllo = { IVIE 7 + > BalvEr ]
TeT,

for all v € H,QL

In turn, for all 7" € T, we recall the following inverse and trace inequalities
(see, e.g., [42])
20 < chptnlr Ve Py(T), (5.17)
Inlloor < c(hz'|nllosr + hi*[lir) Vi e H(T), (5.18)
[nlloqor < chz|Inlloqr 1 € Py(T), (5.19)

(
(
where c represents a positive constant independent of the mesh-size. In particular,

from (5.17)) we obtain that there exists a positive constant ¢, independent of the
mesh-size, such that (see [83] eq. (3.11)])

[Vllo7 < cllvilyze Vv e Hy. (5.20)

This inequality, and estimates (5.18) and (5.19)), the latter with ¢ = 2, imply (see
131)
A, v)] < Cogllullg, Vi, Yue B Vv e H,, (5.21a)
[Ap(u,v)| < Caplluflim, Ve, Yuv € Hy. (5.21b)
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In addition, the following estimates are straightforward

B(v,q)| < Cplviimllalloo Vv eHLYqeQ, (5.22)

Ar(0,9)] < Carlbllialldlie V6,4 € Wy, (5.23)

Now, for each ¢ > 1 if d = 2 and ¢ € [1,6] if d = 3 we recall from [71]
Proposition 4.5] that the following inequality holds

Vllogo <cllviig Vv eH, (5.24)

where ¢ > 0 represents a positive constant independent of h. In addition, from
[63, Theorem 4.4] we know that there exists Ci, , > 0 independent of h, such that

Vllogs < Cugllvllg: Vv eH, (5.25)
In particular, from (5.24f), and after simple computations, we obtain

[D(0,v)| < Co(llgtllo.cr + lIgmllosen)

On the other hand, proceeding analogously to the proof of [33, Proposition 4.2]
for the two-dimensional case and as in [71], Section 7| for the 3D case (see also [83]
Lemma 3.4]), we can obtain the estimate

HHLQHVHLHh Vo e \I/h, Vv e Hh. (526)

|05(wisu,v) = Op(wa; w, V)| < Crippllwi — wolly e [[ully 7t [Vl e, (5.27)

for all wi,wy,u € H? and for all v € Hy, with Cri,r > 0, being a constant
independent of h.

Let us now define the discrete kernel of B as
V,:={veH,:B(v,q) =0 VqgeQu}.
Since the pair (Hy, Q) satisfies div (Hy,) C Qy, it readily follows that (see [34])
V,={veH,:divv=0 in Q}.

We observe that, proceeding similarly to Lemma in Chapter (3] that is,
integrating by parts and employing estimate ({5.24]), we deduce the following result.

Lemma 5.3.1. The following identity holds true:
OT(W; 9, w) = — OT(W; Qﬂ, (9) Vw € Vh, V@,w € \Dh,o- (528)

In addition, for all w € Vy, and for all 0, ¢ € Wy, there exist positive constants
Cor,Coy, such that

[00(w;0,9)| < Cor Wil m,[[¢ll0([10]l03.0 + [1€]l0.c0.0m), (5.29a)
|0(w:6,9)| < Cop Wi, 191121810 + 16llocc0.)- (5.29b)
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Proof. Let w € V}, and 0,9 € W, be given. Integrating by parts the two terms
defining the form O (cf. (5.7)) and using the fact that divw = 0 in Q and
Wlo, - — Wg, -n=0on X, we easily obtain (5.28).

Now, for ([5.29a)) we employ (5.28)) and the Hélder inequality, to obtain

Or(w;0,¢)] = [Or(w;,0)]
< ’(va79)9f| + |(va’9)ﬂm|

< Iwllosoe 9]0 10ll03.00 + [[W]ldiviom

V|1, 10]]0,00,0m-

Then, applying (5.24)) to ||wW|o 6., We easily deduce (5.29a)). Finally, from ([5.29al)
and (1.7), the latter applied to ||0]|3.q,, we easily obtain ((5.29b]), which concludes
the proof. O

Now, noticing that Ar is elliptic on ¥}, o and that O satisfies (5.28)), we easily
conclude that for all w € V,, Aq(-,-) + Or(w; -, -) is elliptic, that is

AT(¢7¢) + OT<W7 ¢7¢) 2 aT”d]HiQ Vw € \Ijh,(b (530)

where ar is a positive constant independent of h.
Now, we recall from [93, Lemma 2.6] that, for a sufficiently large choice of
aP®™ > 0, there holds

ap (V. V) + apm(v, V) = 208 VIT o + CklIVIGve,  YVEVE  (5.31)

with ar > 0 independent of h. In addition, we recall from [33] that for any w € V,
and for all v € Hy,, the form O} satisfies

1 1
Op(W; v, v) = 2 Z (Iw-nl, |V|2)o,aT\an T3 Z (w-n, [v[)p.  (5.32)
TeT] Fe&y(5)

Then, combining and we readily obtain the following result.
Lemma 5.3.2. Let w € Vy, be such that

[w - nlox < 2u6:Cr2. (5.33)
Then, there holds

AL(v,v) + Ob(wiv,v) 2 Gellv]2g, YV E VL, (5.34)

1

with ap := 5 min{uag, Ck }.
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Proof. Given w € V}, satisfying ((5.33)), from ([5.31]) and (5.32)) we obtain

S fwen [vP)el,

Fegy (Z)

DN | —

Ap(v,v) + Op(w; v, v) > 2u8|VI[ o + CklIVIlEe,, —

for all v € V;,. Then, the result follows by applying (5.25)) and proceeding analo-
gously to the proof of [45] Lemma 10|. We omit further details. ]

Let us now observe that combining [96, Theorem 6.12] and [12], eq. (7.1.28)],
it is possible to prove that B satisfies the discrete inf-sup condition

B
sup (v, q)

> Bllalloe  Va€Qn, (5.35)
veH,\{0} HVHLHh

with B\ > 0, independent of h.

Finally, analogously to the continuous case, for a given § > 0 we introduce the
discrete extension operator Esj, : W¥44(T") — U, given by Es;, := I E;, where
Es is the extension operator defined in ([5.8) and I is the Lagrange interpolation
operator. Then, it is clear from that there holds

eg,h = Es.1(6p)|r. (5.36)

Moreover, we recall from Lemma [3.3.4] in Chapter [3], that the aforementioned
operator satisfies:

1Esn(O)llosa < 611&,151/12(115_1 + h+ 1D)||¢]l3/44,r (5.37a)
IEs4(O)ll1o < Cre2d (2 + 0 ICll3/aar, (5.37b)
1Es51(¢) 0,000 < (d 4+ D)IE(C)][0,00,05 (5.37c)

for all ¢ € W344(T"), where aﬁfm, 6]1&2 > ( are constants independent of h and .

5.3.4 Existence of solution

In this section we establish existence of a discrete solution to problem by
means of an equivalent fixed-point problem. To that end, we let § > 0 be fixed (to
be specified below in Lemma and decompose the discrete temperature 6, as
0, = 9;170 -+ 9}171, with ‘9h,1 = E&,h(eD) € V¥, and ‘9}%0 =0; — 8}171 c \Ilh,O- In turn,
to simplify the subsequent analysis, we introduce the reduced version of problem
(15.16)):
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Find (uh, 9h70) €V, x \I/h70 such that

A{é(uh, V) + O{%(uh; Uy, V) — D(@hp, V) = D(@}Ll, V),
Ar(On0,%) + Or(up; Opo 4+ 0p1,¢) = —Ar(0h1,7),

for all v € V, and for all ¢ € Wy, .

The equivalence between problems and follows from the discrete
inf-sup condition (5.35) and the definition of the lifting 6,1 (cf. ) This is
established in the following lemma, whose proof is standard and therefore omitted.

(5.38)

Lemma 5.3.3. If (up, pn, 0r) € Hy xQp x Uy, is a solution of , thenuy, € Vy,
and (up,0n0) = (ap, 0 — On1) is a solution of . Conversely, if (up,0n0) €
V5, x WUy is a solution of , then there exists p, € Qp, such that (uy, py,0,) =
(Wh, Ph, Ono + On1) is a solution of .

According to the previous lemma, to prove existence of solution of problem
(5.6)), it suffices to prove solvability of problem ([5.38). To do that, now we define
the bounded and convex set

X, - (W,0) € Vi x Ung [Iwllim, < Culllgellogs + llgmllosen) 01l
h -— 3
and ||¢[l1,0 < Col|On 110
(5.39)
with
Cu =205"a7'Cp(Cay +ar) and  Cp:= a5 (2Ca, + ar), (5.40)
and the discrete operator 7, : X;, = Vp, x Wy, ¢, given by
jh<w7 ¢) = (uha eh,O) v (W7 ¢) € Xh7 (541)
where (uy, 0p,) is the solution of the linearized version of problem ([5.38]):
Find (up, o) € Vi X ¥, such that
Ap(wp, v) + Op(wiap, v) = D(¢,v) + D(0h1,v), (5.42)

Ar(0n0,0) + Or(W;0h0,¢) = —Ar(On1,%) — Or(W;041,9),

for all v € V, and for all ¢ € Wy, .

It is clear that (up,0h0) € Vi x Uy is a solution of problem (5.38)), if and
only if, Jy(up, 0n0) = (an,0n0). In this way, to prove solvability of in what
follows we prove equivalently that ), has a fixed-point in X; by means of the
well-known Brouwer’s fixed-point theorem (cf. Theorem [1.6.9).

The following result establishes existence of a fixed-point of Jj.
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Lemma 5.3.4. Let § > 0 be such that h < § and

—_

ChHC.
DOr (||gf||0 or + |ml039.) Cur1012(8 + 2)|0b||3/aar < < (5.43)

=~

In addition, assume that 0,1 = Es,(0p) € ¥y, and Op satisfy, respectively,

CD Co. 1

AT (lgtllo.cc + ligmllos.onm)0n1llocco < 7. (5.44)

and
Cur2Culllgtllogr + |&mllos.0m ) Ciire26Y (2 + 671)]|0p3/a0r < QMOéfCtr4 (5.45)

Then, Jy, is well defined and there exists at least one (p,0n0) € Vi X Wp 0, such
that Jn(up, On0) = (Up, Onp).

Proof. For a given ( ,0) € X}, we note that using the trace inequality ((5.25)) and

the estimates ) and - we get

[wnflos < Ctr,ZHWHLT,{ < CoallWim, < CiraCuellfnallie < 2/1&@;724, (5.46)

where for the sake of simplicity, we use the notation vg := ||8¢l/0.0; + 18mll0,3,0m-
The latter implies that w satisfies . Then, from and and the
Lax—Milgram lemma, we conclude the unique solvability of , which implies
the existence of a unique (uy,0y0) € Vj, x ¥y, ¢, such that J,(w, ¢) = (ap, Ono).

Now we turn to prove that (up,6n0) € X;,. To do that, we notice first that
assumption hA < ¢ implies that estimate with ( = fp becomes

10n1ll03.0 = [|Esn(@p)]losa < 611&,151/12(5 +2)[|0p]|3/4,4,0- (5.47)

Then, from (5.30)), (5.34), (5.42), (5.43)), (5.44)), (5.47)), and using the definition of
Cy and Cy (cf. (5.40)), it is possible to prove that (uy, 0y 0) satisfies

lupllim, < @' Cove (I9llhe + 10nillie)
< @5 Cpyg (Co+ 1) [|0na]l10

S au 7g Heh,lHl,Qv

and

10noll1.0 < @ A_l |:6AT||0h,1||1,Q + Copllullu (Chft,151/12||9D||3/4,4,F + ||01||0,oo,9)i|

< agp' [CAT”@h,l”LQ + CopCuellOnill1.0 (Clite,162(|0p |3 /a0 + ||9h,1||o,oo,ﬂ)]

< Cyl|On 11,0,
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which implies that (uy,0,0) € Xy, thus J,(Xp) € Xj,. According to the above, it
follows that 7, is well defined.

To prove now that J, is a continuous mapping, we let (w,¢) € X, and
{(w;, ;) }jen € Xy, be such that [|w; — w||1 u, %0 and o — ollia %0, and
let {(u;,0))}jen € Xy, and (up, 6h0) € Xy, given, respectively, by

TIn(Wj, ¢;) = (u;,0;) YjeN and Juy(w,d) = (s, 0h0).

To prove the continuity of 7, it suffices to prove that ||u; — up||1 m, 2% 0 and

16, — On.0ll1.0 % 0. To that end, given j € N, from (5.42) and the definition of
T (cf. (5.41)), we first observe that

A%(uh_ujaV)JrOl@(W%uh,V)_Og(Wj;umV) = D(Gb—%‘,V)?

Ar(Ono — 05,%) + Or(W; 0h0,%0) — Op(wy;05,1) = —Or(wW —wj;041,9),
(5.48)
for all v € V;, and for all ¢ € W), 4. In turn, noticing that w satisfies ((5.33)) (cf.
(5.46))), we have that AL(-,-)+Of(w;-, ) is elliptic (cf. (5.34)) on V},. Then, from
the first equation in (5.48)) with v = u, — u;, adding and subtracting suitable

terms, employing the continuity of O and D, and the fact that w; 2% w and

R 2% ¢, we arrive at

j—00

(W —w;llLm, ([l 7 + Corgllo—ojll1,0 — 0. (5.49)

ar [un—wjll1m, < Cupr

Similarly, in the second equation of (5.48)), we let ¢ = 6, — 6;, and after a
suitable algebraic manipulations, using (5.29bf) and ([5.30)), and the fact w; % w,

we obtain
) =X 0.
(5.50)
In this way, according to the definition of 7}, (cf. (5.41))), from ((5.49)) and (5.50))
we obtain that J,(w;, ¢;) = Jn(w, ¢), which implies the continuity of 7.
In this way, applying the Brouwer fixed-point Theorem (cf. Theorem |[1.6.9))
it follows that there exists at least one (up,6n9) € Xy, such that (up,6n0) =
Tn(an, Onp). L

We end this section by establishing the existence of solution of problem (|5.16))
and its stability.

ar [0 =050 < Cop W —w;llum, (100 + Onill100 + 11050 + Ontllo,00.00m

Theorem 5.3.5. Assume that the hypotheses of Lemma[5.3.4] hold. Then, there
exists at least one (Up,pn,0n) = (Un, P, Oho + On1) € Hy x Qp x Uy solution to
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(5.16). Moreover, there exist positive constants ¢y, Cy, C3, C4, independent of the
solution and h, such that
[unllz, < EvedY4(2+ 6 |0pls/aur (5.51)
[10n]l1.0 < @842+ 6710 |l3/a4r,

and

Iprllos < (@ + s (2 + 6~ ) 0lls/aar)red (2 + 6 lblls/ar,  (5-52)

with g = |&¢llo.0r + [|8ml0.3.0m-

Proof. The existence of a solution to problem follows directly from Lemmas
b.3.3 and [p.3.4 To derive estimate (5.51)), we utilize the fact that u, and 6,4
belong to X, (cf. ) along with and the fact that 6, ; = Es5(0p). For
pn, the discrete inf-sup condition is applied in combination with the first

equation of ([5.16]) and estimates (5.51)). O]

5.4 FError analysis

In this section, we carry out the error analysis of the finite element scheme
(5.16). To that end, from now on we assume that the hypotheses of Theorem
hold and let (u,p,0) = (u,p,0p + 61) € H x L3(2) x H(Q) be the unique
solution of problem (5.6)), with 6; = Es(6p) € WH*(Q2) and 6, € H{(2). In addi-
tion, we assume that the hypotheses of Theorem hold and let (uy, pp,0n) =
(uh,ph, 0}170—{—0}171) € H, XQh x WU}, be a solution of , with «911,1 = E(;’h(e[)) e vy,
and 09 € ¥y . In addition, given k > 1, in what follows we assume that the exact
solution satisfies:

uc{veH: vl e H(Q), v]o, € H*(Q,) and div(v]g,) € H ()},

pe HNQ), 0eHY(Q), 0lg, € WHE(Q,).
(5.53)
Then, we let IT;, : H'(Q2) — Hj, be the BDM interpolation, P, : L2(Q) — Q,

the LZ%-projection, and Ij : C(2) — ¥, the Lagrange interpolator, and write the
corresponding errors as

€y, =Uu— Uy, ep=p—pn and ey =0—0.
Then, we decompose these errors as follows
€y = Ou + Xu, 0u = u — II;(u), Xu = I (u) — uy,
e = 0p + Xp 0p =D — Pu(p), Xp = Pr(p) — Ph, (5.54)

ep = 0o + Xo, 00 =0 —1,(0), X0 = In(0) — 0.
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With the above definitions, we observe from [12, Chapter 2|, [52, Chapter 3|, and
[47, Section 1.5 that the following estimates hold

leulla,7 < ch¥llullks,;,

leullaiven, < ch*(lullka, + lldivullre,),

loplloe < ch*||pllk.q; (5.55)
looll1,00 < ch¥ (10|41,

100111 .4,0m < ch¥(|0]k41,4,00n-

Finally, the following estimate for Ot will be employed next in the error analysis
for a given w € Hy, whose proof can be obtained proceeding analogously to the
proof of Lemma in Chapter [3; There exists Cp, > 0, independent of h, such
that

|O3(w; 0, ¥)] < Copllwllvm, (10010 + 10]140.) ¥ )10, (5.56)

for all 6 € {¢p € HY(Q) : ¢]q,, € WH(Qu)} and ¢ € Uy,

Now we are in position of establishing the main result of this section, namely,
the theoretical rate of convergence for the Galerkin scheme (5.16)). We observe
in advance that the estimate for the velocity (cf. (5.58))) does not depend on the
pressure, thus confirming that the method is pressure robust.

Theorem 5.4.1. Assume that the hypotheses in Theorems [5.2.5 and [5.53.5 hold.
Let (u,p,0) = (u,p, 0+ 61) € H x LE(Q) x H'(Q2) be the unique solution to (5.6)),
with 0, = Es(0p) € WY(Q) and 6y € HY(QY), and assume that holds. In
addition, let (up, pr, 0n) = (Up, Dhy Ono+0n1) € Hyp X Qpx Wy, be a solution to ,
with 0y1 = Esp(0p) € V), and O € Vyo. Finally, let vg = ||&tll0.00 + 18ml]0,3,.0m s
and assume further that

_ 1
C10 %4 (14 6°) P 1gl0bll3/aar + Covell0llLa0n, < 7 (5.57)

where Cy and Cy are positive constants (defined in ((5.65)) ) independent of h. Then,
there exist Crate1, Crate2 > 0, independent of h and the continuous and discrete
solutions, such that

leallrm, + llesllo < Crate,lhk{||u||k+1,9f +[ullr,0m + 10010 + ||9||k+1,4,nm}a
(5.58)

and

lepllon < Crareah{1ullss.00+ ulli o+ [1PlIk+ 10110, +10llks1.40, } - (5.59)
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Proof. We begin by noticing that, owing to the extra regularity of the exact solu-
tion, we have

Ab(u,v) = Ap(u,v) and OR(u;u,v) = Op(u;u, v), Vv e Hy.
Then, the following orthogonality property holds:

Al(ey,v) + [Of(u;u,v) — Of(up;up, v)| + B(v,e,) — D(eg,v) = 0,
Blew,q) = 0, (5.60)
Ar(eg, ¥) + [Or(w; 0,¢) — Or(up; 04, ¥)] = 0,

for all v.€ Hy, for all ¢ € Qp and for all ¢ € VU,o. In particular, from the
first equation of (5.60)), adding and subtracting suitable terms and utilizing the

decomposition ((5.54)), we obtain

A (X, V) + Op(u; Xu, v) = —Ap(0u, v) — Op(wh; 0u, v)
+ D(X97V) + D(Q@)‘f) - [O]}Fl‘(u7 u,v) - O}@\(Uh, u, V)} )

for all v € V;,. From this identity with v = xy, and employing the coercivity of

AR ) 4+ OR(uy; -, ¢) (cf. (5.34)), the continuity of A% (cf. (5.21a))), the continuity
of D (cf. (5.26)), and the Lipschitz continuity of O (cf. (5.27))), we obtain

ar|[xullua, < Corglixellie + Ciprlxallyzllally 7 + Lo, (5.61)
where
Ly = Caplleullzn, + Cuipr(l[unlly 7 + ully 7o0)lleull 7t + Cpyglloollie-
Similarly, from the third equation of ([5.60]), we obtain

Ar(xo,%) + Or(up; xo,¥) = —Ar(00,%) — Or(ur; 09,7)
- [OT(uv 97 w> - OT(uh; 07 ¢)] )

for all ¢ € Wy, and in particular taking ¥ = x4, and making use of estimates
(5.23), (5.30), (5.56)), to obtain

arllxellie < Corllxullim, (1010 + 1101140.) + Lo, (5.62)

where R B
Ly = Cagplloollro + Corllunllim, (oslle: + ool a0.)

+Corlleullim, (10110 + 10]140..) -
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Then, combining ([5.61)) and ((5.62)), it follows that

Ixullue, < 5" Cprganr' Cop [0l Xl

1,H,
+ag ' Coygtir Cop 101140, | XullLm, (5.63)
+ag Cprlully I xullm, + 65" Ly + 65 Cpygdy Le.

Now, from ([5.13)) and using the second estimate of the continuous lifting (cf.
(5.9)), we observe that u and 6 satisfy

[l 7 < llallie, < lulr < CuClinad (1 + 62) 7 [0b 13440,

—3/4 2\1/2 (5'64)
10]]1.0; < [|0]l1,0 < (Co + 1)Chige 26" (1 4 0%)/2||0p||3/4,4.7-
Hence, from (5.63)) and (5.64)), we obtain
IXullir, < (CL™> 41+ 6%) 29510 ls/a,0r + Corgllfll100.) Xl 5,
+@p' Ly + @' Cpygln' Lo,
with
Cl = aﬁlaDarflc_'oT(Cg + 1)011&72 + agchip,FCuclift,Za
o (5.65)
02 = Z)?EIOD&FCOT.
Which together with assumption (5.57)), implies
[Xull1m, < eily + el (5.66)
with ¢; 1= 245" and ¢y := Qaglémga;l. Moreover, replacing ((5.66) in (5.62)),
and employing (5.57) and the estimate for 6 in (5.13]), we deduce
Ixollio < esLy + caLs, (5.67)

with
c3 = 205 a0 Con[(Cy+ 1)Clig 20 3/*(1 + 52)1/2||0D||3/474,p + (2Cyyg) 7Y,
¢y = 205 a72Cp7gCoyp (Co 4 1)Crig26~3*(1 + %) V2||0p ||3/a.4r
+28; a7 CprgCoy (2C0y7g) ™" + a7

In turn, observing that estimate (5.37b) and the fact that (up,0n0) € X, (cf.
(5.39) imply that uy, satisfies

lanllyze < lnllm, < Cuvellfnillie < CuvgCina2d (24 67 |10blls/aar, (5.68)
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from (5.20)), (5.57), (5.64)), (5.68)), and the fact that ||og|l1.0 < ||ogl|1.0,+¢l 001 4.0,
we deduce

Ly < cs([leall2m, + l@ullo7s + [losll1,0 + 06l[1,4.0.)

(5.69)
Ly < co(l|@ullo.m, + lloolhor + [looll140.),
with ¢5, ¢g being positive constants independent of h.
Therefore, from (5:66), (5:67) and (5:69), the fact |@ullzzr, < lleullrs +

l|oulldiv:0,, and the triangle inequality, it follows that there exists ¢; > 0, in-
dependent of h, such that

leallus, + leollio < er (lullogs + l@ullavan + losllio, + leols.,) . (5.70)

which together with ((5.55)) implies (5.58)).

On the other hand, to estimate e, we first use the discrete inf-sup condition

(5.35)), to deduce that

~ Blv.x
Blxplloe < sup M
veH\{0} vl 8,
B(v,e B(v,—
= sup B(v,e) +  sup B(v, —0p) (5.71)

ver\{o} IVIlLm,  vemo\toy [IVI[Lm,

< sw B(v,ep)

it leplloq-
veH,\{0} ||V||1,Hh P

Then, noticing that adding and subtracting O%(u,;u, v) in the first equation of
(5.60), yields

B(v,e,) = —Af(eu,v) — [Of(u;u,v) — Of(up;u, v)] — Of(uy; ey, v) + D(eg, v),

for all v € Hy, employing estimates ((5.21b)) (5.26)) and (5.27) we obtain

[B(v,ep)l < Caplleallim, [vIm, + Cripplleallsz a7 Vi,

+Cippllunlly 7t lleally 7 [VIILE, + Covgllesllrallviim,,

and then, from the latter, estimates (5.64)), (5.68), (5.70)), (5.71]) and the triangle
inequality, we obtain that there exists cg > 0, independent of h, such that

lealloe < llxplloe +lleplloo

< ¢s (Ileullory + l@ullavn, + lleollo + llovllsoon + lelloe)

which together with (5.55)), implies ([5.59)), and concludes the proof. ]



144 Numerical results

5.5 Numerical results

In this section we restrict ourselves to the 2D case and we present some nu-
merical results illustrating the performance of our nonconforming scheme
analyzed in Section for approximating the solutions of , and to confirm
the theoretical converges rates and predicted by the theory according
to the Theorem [5.4.1] Our implementation is based on a FreeFem++ code [68],
in conjunction with the direct linear solver UMFPACK [41]. The experimental
errors and convergence rates for the velocity, pressure, and temperature are the
result of iterations based on a Picard-type algorithm over a family of quasi-uniform
triangulations of the corresponding domains. This process ends when the relative
error of the entire coefficient vectors between two consecutive iterates is sufficiently
small, that is

|coeff™™! — coeff™||;»
< tol,
|coeff™ |2

where tol is a fixed tolerance and || - ||;2 stands for the usual euclidean norm in
Rf with dof denoting the total number of degrees of freedom defining the finite
element subspaces Hy,, Q) and ¥y,

Now, we introduce some additional notations. As in Section [5.4] the individual
errors for each variable are denoted by ey, e, and eg. In addition, we define the
experimental rates of convergence ry, r, and 1y, as

o logleafel)  log(e,/)) _ Tos(e/e))
Y log(h/l) TP log(h/I) - log(h/I)’
where h and h’' denote two consecutive mesh sizes with their respective errors e,
e (ore,e).
For all examples bellow, we simply take u’ = 0 and 6° = 0 as initial guess, we
consider tol = le — 6 and aP** = 5.

and 1y

Example 1: Manufactured exact solution

For our first example, we illustrate the robustness and accuracy of the method
considering a manufactured exact solution defined on the following computational
domain = QUX U Qy,, with Qf := (—=1,1) x (0,1) and Q,,, := (—1,1) x (—1,0).
We chose the parameters p = 1, gy = (0,—1)", g, = (0,—=1)", wy = 1, Ky = 1,
km = 1, K=1, Kk =1, and the terms on the right-hand side are adjusted so that
the exact solution is given by the functions:

u(z,y) = < —2sin(rz)*(y — 1)

53
27 sin(mx) cos(mx) (y — 1)2) . plz,y) =2 +z° + 2y,

0(z,y) := exp(—y),
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We notice that uf|s, = uyls, Of|s = Ouls, and ks VO¢|s = Kk VOu|s. We notice also
that these functions do not satisfy the interface conditions , thus the difference
must be incorporated as a functional at the right-hand side of the resulting system.

In Table we summarize the convergence history on a sequence of quasi-
uniform triangulations for the finite element families presented in (5.14]) with £ = 1.
We observe there that the rate of convergence O(h) predicted by Theorem [5.4.1]
is attained in all the cases for all unknowns. In addition, in the last two columns
we show the [*°-norm of divu, and the number of iterations required to stop
the algorithm, respectively. In particular, we observe there that the velocity is
practically divergence-free for all refinement steps.

| dof || h | ew | va | e | v || e | x| Idivunl | it
2816 0.190 || 4.178 - 2.143 - 0.162 - 4.263e-14 | 10
10517 || 0.097 || 1.912 | 1.175 || 0.941 | 1.237 || 0.084 | 0.989 || 8.526e-14 || 10
41201 || 0.051 || 0.915 | 1.158 || 0.462 | 1.119 || 0.042 | 1.067 || 2.8421-13 | 10
164714 || 0.027 || 0.437 | 1.154 || 0.232 | 1.076 || 0.021 | 1.078 || 6.821e-13 | 10
672281 || 0.014 || 0.216 | 1.167 || 0.126 | 1.011 || 0.010 | 1.183 || 1.364e-12 || 10

Table 5.1: EXAMPLE 1: Degrees of Freedom, mesh sizes, errors, rates of conver-
gence, [*°-norm of divu, and number of iterations for ([5.16)).

Example 2: Kovasznay’s analytical solution

In our second example, we focus on the performance of the iterative method
with respect to the viscosity . To this end, we consider the domain €2 = QU X U
Qp, with Qf := (—1/2,3/2) x (0,1/2) and Q,, := (—1/2,3/2) x (—=1/2,0). In turn,
the terms on the right-hand side are adjusted so that the exact solution are given
by the functions

(1 —=eMcos(2my)\ .
u<x7y) T < %6)\:6 SiH(QT('y) m Q7

p(z,y) = FeM +¢ in Q

O(z,y) == exp(—xy) in €.
Above, A is given by
— 872
A= T ,
:u_l + M_Q + ]_677'2
with g > 0 being the viscosity of the fluid and ¢q is a constant chosen in such a
way (p, 1) = 0. We note that (ug, pr) is the well known analytical solution for the
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Navier—Stokes problem obtained by Kovasznay in [73|, which presents a boundary
layer at {—1/2} x (0, 2).

In Table we show the behavior of the iterative method as a function of
the viscosity u, considering different mesh sizes h. As expected, when viscosity is
reduced, the method requires a larger number of iterations to achieve convergence.
We do not present numerical experiments for smaller values of u as, in such in-
stances, the maximum iteration limit set in the code (200 iterations) is reached for
all meshes.

W h=0.362 | h=0.180 | h=10.094 | h =0.047 | h =0.023 | h = 0.013
1 9 9 9 9 9 9
0.1 13 14 14 14 14 14
0.01 14 17 17 17 17 17
0.001 ok 31 31 31 31 31

Table 5.2: EXAMPLE 2: Number of iterations of the iterative method with respect
to w.

Example 3: Dimensionless problem

In our last example, we consider the domain 2 = Q¢ U X U Q,,, with Q; :=
(—=1,1) x (0,d¢) and Qy, := (—1,1) X (—d, 0) and address the behavior of convec-
tion patterns as dr decreases. As documented in [79] and [80], it has been observed
that when the free-fluid region has a shallow depth, the convection patterns ex-
tend to encompass both domains (full convection). Conversely, when the free-fluid
region has greater depth, the dominant convection patterns are mainly localized
within the free-fluid region (fluid-dominated convection). To study this behav-
ior, we proceed similarly to [64] [79], 80| and consider the following dimensionless
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problem:
E'f = 2e(ﬁf) _ﬁf:[ in Qf7

—div( &) + (U - V) U + Raglegs = 0 in - Q,

divag =0 in

—eTAgf—l—Prfﬁf . ng—l— éﬁf'gf =0 in €,

Diaﬁm + Vpm = —%5mgm in Qu,

diva, =0 in €,

Ay 4 Pry U - VO = — U - g in O,

0 =0, on X, (5.72)
eTvgf'n:Vévm~n on X,

Uu-n=1u,-n on 2,

orn + fi(ﬁf~t)t:—§mn on X,
6;=0 on Ty,

ﬁfZO on Ff,

0n=0 on I,
u, n=0 on I,

where Pr, and Ra, represent the Prandtl and Rayleigh numbers in the domain
Q, for x € {f,m}, Da represents the Darcy number, and ez = “* is the ratio of

thermal diffusivities. Additionally, we define the dimensionless number d = ;—f

which represents the depth ratio.
We observe that the temperature profile can be recovered by means of the
relationship

0 = (Tt + 0:(Ty — To)Prees' )Xt + (T + 0ua(To — Ti)Prin) Xums

where 6, for x € {f,m} is the temperature solution of (5.72), Ty and Tj are
constant temperatures in the upper and bottom boundaries, respectively,

_ Ty — T, S ey
T, ::To—i—yu and T := e

Ty — 1o
’ dm d+€T

Te=To+y 7
£

In |[79] and [80] is also established that if Ty, > T, the conductive state is stable,
whereas if T > Ty, buoyancy can destabilize the system.

In Figure , we present flow configurations (streamlines) and temperature
profiles (color) for two cases with different d values, specifically d=02and d =



148 Numerical results

0.35. We set the temperatures as T = 1 and Ty = 0, representing an unstable
scenario. The Figure on the bottom, similarly to [79] and [80], we observe a
situation of full convection with the following parameter values: df = 0.2, d;,, = 1.0,
and Ra,, = 30, while the figure on the top, we witness a fluid-dominated convection
scenario characterized by the parameters di = 0.35, d,, = 1.0, and Ra,, = 10. For
both cases, we consider the following parameter settings: Pr; = 0.7, Pr,, = 0.7,
er = 0.7, Da= 1.0 x 1074, ag = 1.0, gr = (0,1)!, g = (0,1)!, and the Rayleigh

number within ) is calculated as Ray = P%L;“
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4.9e-07 5 1.3e+01 8.5e-08 5 1.3e+01

3.7e-01 1 1.5 2 27e+00 3.7e-01 1 1.5 2 2.7e+00

e -
Figure 5.1: EXAMPLE 1: On left: exact magnitude of the velocity (left-top),
pressure (left-center) and temperature (left-bottom). On right: approximate mag-

nitude of the velocity (right-top), pressure (right-center) and temperature (right-
bottom).
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0.0e+00 0.4 0.6 1.0e+00

e —

0.0e+00 0.4 0.6 1.0e+00

Figure 5.2: EXAMPLE 3: Fluid-dominated and Full convection with temperature
(colour) and streamlines (contour), with d = 0.35, Ra,, = 10 (top) and d = 0.2,
Ra,, = 30 (bottom). Fixed parameters Pry = 0.7, Pr,, = 0.7, e = 0.7, Da =
1.0 x 107, and oy = 1.0.



Chapter 6

Conclusions and future work

6.1 Concluding remarks

The main contribution of this thesis has been to propose and analyze conform-
ing and non-conforming numerical schemes for a non-isothermal fluid-membrane
model present in desalination processes.

In Chapter [2| the model problem was presented, consisting of two regions:
one occupied by a free-fluid and the other by a porous membrane. The governing
equations for the system were formulated as a coupling between the Navier—Stokes
and heat equations in the free-fluid region and the Darcy and heat equations within
the membrane.

In Chapter |3 we established a conforming finite element method for the non-
isothermal fluid-membrane interaction problem introduced in Chapter [2 which,
to the best of our knowledge, represents the first contribution in this direction.
Specifically, we employed a velocity-pressure-temperature variational formulation
for the Boussinesq system and a dual-mixed scheme coupled with a primal formu-
lation for the Darcy and Heat equations in the membrane region. This approach
involves the introduction of the pressure of the porous medium as an additional
unknown at the common interface via a Lagrange multiplier. We established the
existence of a solution by combining the Galerkin method with a fixed-point strat-
egy, and for the uniqueness of the solution to the coupled problem, it was neces-
sary to assume a more restrictive condition on the data and the temperature of the
porous medium. We proposed a conforming scheme to approximate the solution of
the coupled problem, employing Bernardi-Raugel and Raviart—-Thomas elements
for velocities, piecewise constant elements for pressures, continuous piecewise lin-
ear functions for temperatures, and continuous piecewise linear functions for the
Lagrange multiplier on a partition of the interface. In addition, we derived the cor-
responding error estimates and performed several numerical simulations based on
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manufactured solutions, validating the effectiveness and accuracy of our proposed
method.

In Chapter [ we developed a residual-based a posteriori error estimator for
the conforming discretization of the nonisothermal Navier—Stokes/Darcy coupled
system introduced in Chapter [3] Using standard techniques such as global inf-sup
conditions, appropriate Helmholtz’s decompositions, and the local approximation
properties of the Raviart—Thomas and Clément interpolation operators, we derived
an a posteriori error estimator and proved its reliability. Additionally, we employed
inverse inequalities, localization techniques of bubble functions, and known results
from previous works to prove the local efficiency of the proposed error estimator.
Finally, we developed an adaptive algorithm based on the local and computable
error indicators provided by the a posteriori error estimator.

In Chapter , we proposed and analyzed an H(div)-conforming and mass-
conservative finite element method for the nonisothermal fluid-membrane interac-
tion problem introduced in Chapter [2l This approach preserve the continuity of
the normal components of the velocity exactly along the interface, eliminating the
need to introduce the Lagrange multiplier as was done in Chapter [3] As a re-
sult, the unknowns in the formulation were reduced to the velocity, pressure, and
temperature in both domains. For the associated Galerkin scheme, we combined
an H(div)-conforming scheme for the fluid variables with a conforming Galerkin
discretization for the heat equation. The analysis of the discrete scheme was
performed without modifying the convective term of the heat equation and, to
enforce the H' continuity of the velocity in the free-fluid region, we utilized an in-
terior penalty discontinuous Galerkin technique. The resulting numerical scheme
produced exactly divergence-free velocities and preserved the law of conservation
of mass at a discrete level. Furthermore, we proved well-posedness for both the
continuous and discrete schemes under the assumption of sufficiently small data
and employing a fixed-point strategy. Subsequently, by imposing conditions on the
data and the temperature in the membrane, we have derived the theoretical rate of
convergence. We performed several numerical simulations based on manufactured
solutions to validate the effectiveness and accuracy of our proposed method and
the robustness of the discontinuous scheme.

6.2 Future works

The development of this thesis and the results obtained have motivated us to
develop new works and extend the existing literature on phenomena of this type.
Some of them are detailed below:
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6.2.1 A fully discontinuous finite element method for a non-
isothermal fluid-membrane interaction

The first objective that we propose after the development of this thesis is to
propose a completely discontinuous finite element method different from the one
developed in Chapter 5] This approach will allow us to establish a discrete scheme
that does not require the introduction of any extension operator for the Dirichlet
temperature boundary condition, thereby achieving a well-posed formulation with
a less restrictive assumptions.

6.2.2 A hybridizable discontinuous Galerkin method for a
nonisothermal fluid-membrane interaction

The next objective that we propose is to extend the analysis developed in
Chapter bl employing a Hybridizable Discontinuous Galerkin method for the non-
isothermal fluid-membrane interaction established in Chapter[2] in order to reduce
the computational cost. In particular, we are interested in proposing an alterna-
tive discrete scheme that preserves divergence-free velocities at the discrete level
and guarantees pressure robustness.

6.2.3 A mixed finite element method for a nonisothermal
fluid-membrane interaction

Another objective we intend to pursue after this thesis is to propose a mixed
finite element method for the set of equations described in Chapter [2l More pre-
cisely, we are interested in considering a mixed formulation for the heat equation.
By doing that, we can approximate directly additional variables of interest, such
as the velocity gradient as well as the heat-flux.

6.2.4 A time-dependent finite element method for a non-
isothermal fluid-membrane interaction

For the final proposed future work, we are interesting in develop an analysis
for the temporal version of the problem discussed in Chapter 2] Specifically, we
are interested in investigating a problem similar to the one previously mentioned,
but incorporating the time derivative of the velocity into our equations.
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